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ABSTRACT 

We discuss the four-dimensional N = 1 effective actions of single space-time filling Dp-branes 
in general Type IIA and Type IIB Calabi-Yau orientifold compactifications. The effective actions 
depend on an infinite number of normal deformations and gauge connection modes. For D6-branes 
the M = 1 Kahler potential, the gauge-coupling function, the superpotential and the D-terms 
are determined as functions of these fields. They can be expressed as integrals over chains which 
end on the D-brane cycle and a reference cycle. The infinite deformation space will reduce to a 
finite-dimensional moduli space of special Lagrangian submanifolds upon imposing F- and D-term 
supersymmetry conditions. We show that the Type IIA moduli space geometry is captured by three 
real functionals encoding the deformations of special Lagrangian submanifolds, holomorphic three- 
forms and Kahler two-forms of Calabi-Yau manifolds. These elegantly combine in the N = 1 Kahler 
potential, which reduces after applying mirror symmetry to the results previously determined for 
space-time filling D3-, D5- and D7-branes. We also propose general chain integral expressions for 
the Kahler potentials of Type IIB D-branes. 
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1 Introduction 



In recent years there has been vast progress in understanding the effective supergravity theories 
arising in Type II string compactifications. Prom a phenomenological perspective four-dimensional 
effective theories which are M = 1 supersymmetric and admit non-trivial gauge groups are of 
particular interest. A prominent set-up admitting these features are Calabi-Yau orientifold com- 
pactifications with space-time filling D-branes [H [21 [3l HI I3- Such compactifications admit in 
addition to the bulk moduli also a universal class of deformation and Wilson line moduli associated 
to the D-branes. It will be the task of this work to study the four-dimensional M = 1 characteristic 
data encoding the dynamics of the combined open and closed sector moduli. We will first concen- 
trate on Type IIA compactifications with space-time filling D6-branes and later turn to Type IIB 
compactifications with D3-, D5-, or D7-branes in the discussion of mirror symmetry. 

Concentrating on Type IIA Calabi-Yau orientifolds the supersymmetric space-time filling ob- 
jects are 06-planes and D6-branes wrapped on a supersymmetric three-cycle in the internal Calabi- 
Yau space. The orientifold planes are supersymmetric since they wrap special Lagrangian cycles 
which arise as the fix-point locus of an anti-holomorphic and isometric involution of the Calabi-Yau 
space. On such cycles the Kiihler form and the imaginary part of the holomorphic three-form of 
the Calabi-Yau manifold vanish. Similarly, in a supersymmetric background the D6-branes also 
have to wrap special Lagrangian cycles which preserve the same supersymmetry as the 06-planes 
[6l [71 [2] • We will mainly focus on a simple set-up and consider the dynamics of one space-time filling 
D6-brane and its non-intersecting orientifold image. Global tadpole cancellation conditions impose 
topological constraints on this configuration and generically imply that there will be additional 
D6-branes. Their dynamics can be included in the analysis, but will be neglected for simplicitylf] 

In order to determine the M = 1 effective theory one needs to include the fluctuations of the 
fields around a given background. Therefore, the scalar fields in the effective theory will include 
the deformations both of the internal Calabi-Yau geometry as well as the deformations of the 
D6-branes. As a first step the effective action including only the closed string zero modes in a 
Calabi-Yau orientifold background can be derived |111 [T2] . The reduction considers a finite set of 
complex and Kahler structure deformations which are compatible with the orientifold involution. 
This set of real deformations is complexified by the axion-like scalars arising as zero modes of the 
R-R and NS-NS form fields of Type IIA string theory. It was argued in refs. [Ill [T3] that the 
Kahler metric on the M = 1 field space is captured by two real functionals that have been studied 
intensively by Hitchin in |141 [15]. Using mirror symmetry at large volume and large complex 
structure, the Type IIA Kahler potential can be exactly matched with its Type IIB counterparts 
[llj . This reproduces the expressions found for Type IIB orientifolds with 03/07 planes and 05 
planes |161 [T7] . In this work we extend the computation of the M = 1 characteristic data to the 

^For state of the art model building in Type IIA see, for examples, refs. [8l[9l[l0], and references therein. Reviews 
can be found in [T] [51 [5] . 
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open string sector and complete the leading-order mirror identification including space-time filling 
D-branes. 

In the first part of the present paper we will focus on the contribution from a D6-brane and its 
orientifold image. The degrees of freedom associated to a D6-brane wrapped on a supersymmetric 
three-cycle Lq are easiest summarized when considering a fixed background Calabi-Yau geometry. 
In addition to the U{1) gauge field the D6-brane can admit brane deformations and non-trivial 
Wilson lines. A massless deformation preserving the M = 1 supersymmetry along a normal vector 
field is associated to a harmonic one- form on the special Lagrangian cycle Lq [18]. For a fixed 
background Calabi-Yau geometry there are 6^(Lo) = dim//^(Lo,M) real massless deformations, 
which combine with the Wilson line scalars into complex fields. We will derive the effective action 
for these massless modes which keep Lq special Lagrangian. However, more interestingly, one can 
also include massive deformations around Lq by extending the analysis to include non-harmonic 
one- forms on Lq. These deformations either violate the Lagrangian condition or the condition that 
the three-cycle is 'special', as we discuss in more detail in the main text. We will show that these 
deformations induce a scalar potential consisting of an F-term part, rendering non-Lagrangian 
deformations massive, and a D-term part, rendering non-special deformations massive. Performing 
a Kaluza-Klein reduction of the D6-brane action we derive the J\f = 1 open string Kahler metric 
and gauge coupling function, and explicitly extract the D6-brane superpotential and D-terms. We 
argue that these functions take an elegant form when using chain integrals over a four-chain ending 
on the internal D6-brane three-cycle and a reference cycle Lq. 

In order to determine the Kahler potential it is crucial to include also Calabi-Yau deformations 
parameterizing the bulk degrees of freedom. In fact, we show that at the classical level the open 
string scalars only enter in the M = 1 Kahler potential through a redefinition of the complex 
coordinates for the Calabi-Yau deformations. This is a generic feature which is already known from 
Type IIB Calabi-Yau orientifold compactifications with single D3-, D7- or D5-branes |19 tl20[[2T] l22j. 
as well as Type II orientifolded orbifolds [23^ Ej . In the type IIA compactifications we find that the 
full M = 1 Kahler potential has an elegant form in terms of the functionals for real two- and three- 
forms studied by Hitchin [14^ [TS] , and the Kahler potential arising in the study of the deformation 
space of special Lagrangian submanifolds [241 125] . We also comment on a generalization of the 
M = 1 data to an infinite set of D-brane deformations. As in a fixed background, this generalization 
will be crucial in the evaluation of the superpotential and D-terms. As in [22j it will be crucial 
to keep the non-dynamical four-dimensional three-forms in the Kaluza-Klein Ansatz to derive the 
scalar potential. In addition, we will also be able to extract the kinetic mixing terms of the bulk and 
brane U{1) vector fields in the effective action. Such mixing can have profound phenomenological 
applications [26]. 

In the last part of this paper we turn to the discussion of mirror symmetry at large volume and 
large complex structure. We match the known M = 1 data for single D3-, D5- or D7-branes with 
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the data found in the D6-brane reduction. This ahows us to give chain integral expressions also 
for the Type IIB reductions which complete the results of \19\ [20| [2T| [22] . Our strategy to gain 
a better understanding of the structure of the brane couplings is to use the formulation of mirror 
symmetry proposed by Strominger, Yau and Zaslow (SYZ) [27] . Neglecting singular fibers it allows 
to view the compactification Calabi-Yau space as a three-torus fibration over a three-sphere. This 
allows us to identify different brane wrappings in the Type IIA and Type IIB picture, and yields a 
matching of the leading order M = 1 data. 

The present work is organized as follows. In section [2] we calculate the IIA orientifold effec- 
tive action with a space-time filling D6-brane. We first recall the results for the bulk orientifold 
reduction, and summarize the conditions to include supersymmetric D6-branes in the orientifold 
background. We then derive the kinetic terms and the scalar potential for an infinite set of normal 
deformations, Wilson line modes, and U{1) vector modes on the D6-brane. These computations 
are performed using a Kaluza-Klein reduction of the Dirac-Born-Infeld and Chern-Simons actions 
around a supersymmetric configuration. In section [3] we analyze the moduli space of our config- 
uration. We focus on the finite set of massless bulk and brane modes. As first steps we consider 
the moduli spaces for the bulk sector and the brane sector separately. We introduce the neces- 
sary mathematical tools to describe these spaces as Lagrangian embeddings into vector space. In 
general, the geometry of the open-closed moduli space is more complicated. However, we show 
that it is possible to encode the complete moduli space in a single elegant Kahler potential as a 
function of non-trivial local complex coordinates. In section [3] also the kinetic terms for the mass- 
less U{1) gauge field on the D6-brane are discussed, and a kinetic mixing with the massless bulk 
C/(l)'s is found. In section HI we discuss the infinite deformation space around a supersymmetric 
configuration. We give an explicit form of the Kahler potential using chain integrals. We also de- 
rive the non-vanishing D-terms and the superpotential for open deformations violating the special 
Lagrangian condition for supersymmetric D6-branes. Our results should be mirror symmetric to 
Type IIB orientifold configurations. In section [5] we argue that it is possible to relate the moduli 
fields obtained in section [3] with the moduli space for IIB orientifold configurations with D3-, D5- 
and D7-branes. Relations between the homology of the cycles for the mirror configurations can be 
inferred using the SYZ construction of mirror symmetry. We find elegant expressions for the Type 
IIB Kahler potentials and M = 1 complex coordinates. 



2 The dimensional reduction of the D6-brane action 



We start our discussion by fixing the background geometry of our set-up. In the following, we 
consider the direct product of a compact Calabi-Yau orientifold Y/O and flat Minkowski space 
M}'"^. We are interested in compactifications with space-time filling D6-branes and 06-planes which 
preserve M = 1 supersymmetry in four space-time dimensions. This fixes the orientifold projection 
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to be of the form [281 CH 

= {-lf^npa*, a*J = -J, a*n = e'^''^n, (2.1) 

where 6 is some real phase. Here Op is the world-sheet parity reversal, Fl is the space-time fermion 
number in the left-moving sector, and a is an anti-holomorphic and isometric involution of the 
compact Calabi-Yau manifold Y. The four-dimensional spectrum consists of fields arising as in the 
zero mode expansion of the ten-dimensional closed string fields into harmonics of the internal space 
as well as zero modes arising from massless open strings ending on the D6-branes. In the following 
we will focus on the chiral multiplets in both sectors. 

2.1 On the four-dimensional Kaluza-Klein spectrum 
Closed string sector 

Let us start with a brief discussion of the closed string sector following ref. [11]. The four- 
dimensional scalars, vectors, two- and three-forms will arise in the expansions of the ten-dimensional 
fields into harmonic forms of Y which have to transform in a specified way under the orientifold 
parity to yield modes which remain in the orientifolded M = 1 spectrum. More specifically, the 
ten-dimensional metric and the dilaton are invariant under the action of a while the NS-NS B-field 
transforms as a*B2 = —B2- The R-R fields Ci,C3, 6*5,(77 remain in the orientifold spectrum if 
they obey a*Cp = {—l)^~^^^^'^Cp. Clearly, in type IIA string theory not all the odd-dimensional 
R-R forms Cp are independent. Denoting by Gp+i the R-R field strengths are 

G2 = dCi , Gp+i = dCp — A Cp-2 , = dB2 . (2.2) 

When considering all Gp+i,p = 1...9 a the duality constraint 

Gp+i = (-l)(P+i)/2*ioG9-p, (2.3) 

has to be imposed to relate the lower and higher-dimensional forms. This can be extended to 
include Romans mass Go which appears in the massive extension of Type IIA supergravity |29] . 
Using all forms Gp+i one can use a democratic formulation of Type II supergravity [30]. The 
bosonic kinetic terms of the ten-dimensional action are then given by 

r ^ 
= - lR*iol + iH-i A *ioHs + ^ iGp+i A *ioGp+i . (2.4) 

p=i 

This is only an auxiliary action since the duality condition (|2.3p has to be imposed by hand in 
addition to the equations of motion. When coupling the bulk supergravity to a D-brane it turns 
out to be useful to also introduce another basis Aq of (/-forms with a redefined duality relation 

"^ = EA = e'''^ A^Cp , dAq = {-lY'^+''>/\*B dA)q , (2.5) 

q p 



4 



where the 'B-twisted' Hodge star is given hy *b = e ^ g-B2_ Clearly, the supergravity action 
()2.4|) can be easily rewritten in terms of the Aq. 

To perform the Kaluza-Klein expansion of the closed string fields one notes that the anti- 
holomorphic involution does not preserve the {p, q) split of the Dolbeault cohomology groups, but 
rather maps a {p,q)- to a (g,p)-form. One thus splits the real de Rham cohomologies into a*- 
eigenspaces H!l{Y). It was shown in ref. [TT] that the M = 1 coordinates on the closed string 
field-space arise by expanding a complex two-form and three-form fie into a basis of H'^{Y,M.) 
and H'^{Y,M), respectively. More precisely, in accord with (j2.ip we expand 

J, = B2+iJ= (6" + iv") UJa = f'oja , (2.6) 

where o = 1, . . . , h^l'^^ labels a basis iOa of H'^{Y,M.). We thus find the same complex structure 
as in the underlying N = 2 theory with the dimension of the Kahler moduli space truncated from 

/i(i'i) to h'^l'^l 

The complex three-form J7c contains the degrees of freedom arising from the complex structure 
moduli, the dilaton as well as the scalars from the R-R forms. We combine these as 

nc = 2 ReiCn) + iC7f = N"" ak - , (2.7) 

where C oc e~'^~^^^ , as given in (I2.10p . contains the dilaton, and A; = l,...,n_,A = l,..., n+ label a 
basis (afc,/?^) of ff^(y, M). Here is the part R-R three- form which is also a three- form on the 
Calabi-Yau manifold Y and hence descents to scalars in four dimensions. We can use the expansion 
of n into the full symplectic basis {ax, 13^) of H^{Y,^) as = X^ax - J'kP^ ■ Under a* this 
basis splits into a basis {ak,l3^) of -ff^(y,]R) and a dual basis (oa,/?^) of H^{Y^W). We thus find 
the explicit expressions 

N'^ = 2 Y{.e[CX^) + i e\ = 2 Ke{CFx) + (2.8) 

Note that the split of the /i^^'^^ -|- 1 basis elements of i7^(y, R) into n_ elements and n+ elements 
does depend on the point in the complex structure moduli space on which one evaluates CO.. 
In fact, at the large complex structure point the precise split will determine whether this type 
IIA set-up is dual to an orientifold with 03/07 planes or 05/09 planes as we will discuss in 
detail in section [H It is important to point out, that the complex coordinates (A^"^,T^) are the 
correct complex scalars in the N = 1 chiral multiplets in the absence of D6-branes, but will receive 
corrections upon introducing dynamical D6-branes. 

Before discussing the open string spectrum let us comment further on the complex function C 
appearing in (j2.7p . Since the orientifold projection is an anti-holomorphic involution the complex 
structure deformations will be real. In fact, C has a phase factor e~*^ and is defined to compensate 
rescalings of Vt such that Cfi has a fixed normalization 

e^'^CJ^ ACn= ijA JA J . (2.9) 
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It turns out to be convenient to introduce the four-dimensional dilaton D by setting e~^^ = e~'^'^V, 
where V = ^ fy J A J A J is the string-frame volume of the Calabi-Yau space. The compensator 
field is then given by 

C = e"^-^e^^^/2 ^ ^-^-^e^l/2^K^y2^ (2.10) 
where K'''' = - ln[- i J Q A^]. 

Let us note that the R-R three- form in general also leads to U{1) vectors in four space-time 
dimensions via the expansion 

CJ^'= = ^°Aa;„ (2.11) 

where Wq, is a basis of H'^(Y,M.). Their holomorphic gauge coupling function /a/? has also been 
determined in ref. jTT]. Denoting by JCa^a = fy^a f\^i3 AWa, the intersection form of two elements 
of H'i{Y,M) with one element of i/f (y,M) one finds that /^/j = iJCapat". 

Open string sector: supersymmetric D6-branes 

Let us next discuss the inclusion of space-time filling D6-branes into our set-up. In the background 
configuration these have to be chosen such that they preserve the same supersymmetry as the 06- 
planes which arise as the fix-point set of a. In fact, since a is an anti-holomorphic involution the 
06-planes wrap special Lagrangian cycles satisfying 

-/loe-plane = , Im(C17) |o6-plane = . (2.12) 

Let us consider a single D6-brane wrapped on a three-cycle L in Y . We will consider the case 
where L is mapped to a three-cycle L' = cr(L) which is in a different cohomology class and does 
not intersect For this situation the pair of the D6-brane and its image D6-brane is merely an 
auxiliary description of a single smooth D6-brane wrapping a cycle in the orientifold Y/O. Note 
that the number of D6-branes is restricted by tadpole cancellation. In cohomology one has to 
satisf}§| 

[L + L'] = 4[Lo6] , (2.13) 

D6 

where the sum is over all D6-branes present in the compactification and Lqq is the fix-point set of 
the involution indicating the location of the 06-plane. 

In a supersymmetric orientifold background the D6-brane also has to wrap a calibrated and 
hence supersymmetric cycle. These calibration conditions have been determined in [6]. They imply 
that the D6-brane wraps a special Lagrangian submanifold Lq CY such that 

J\lo = , lm{Cn)\Lo = , 2Re(C17)|Lo = e-Koho (2.14) 

''Note that this is a non-generic situation for a three-cycle in a six-dimensional manifold. Generically D6-branes 
on three-cycles will intersect in points. At these intersections matter fields can be localized and have to be included 
in the reduction. 

^Note that this condition will be modified in the presence of NS-NS background flux H3 and the Romans mass 
parameter mP with an additional term proportional to mPH-j, (see, e.g. , ref. [12j). 
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where voIl^ = \/i*g6d^S. is the induced volume form on L. Note that the first condition in (j2.14p 
imphes that Lq is Lagrangian, while the second condition makes it special Lagrangian. We fixed 
the coefficient, in particular the phase of CTi, such that the same supersymmetry is preserved as for 
the orientifold planes (I2.12P . Finally, we note that it was also shown in J7\ that in a supersymmetric 
background one has 

FDd - B2\lo = , (2.15) 

where Fdq is the field strength of the U{1) gauge field A living on the D6-brane. In the following we 
will always denote the background special Lagrangian cycle wrapped by a supersymmetric D6-brane 
by Lq. 

For a fixed background complex and Kahler structure we can discuss supersymmetric deforma- 
tions of the D6-branes. In fact, the deformations of Lq preserving the special Lagrangian conditions 
(j2.14p were studied by McLean [18] . It was shown that a normal vector field r/ to a compact special 
Lagrangian cycle is the deformation vector field to a normal deformation through special Lagrangian 
submanifolds if and only if the corresponding 1-form 0^ = rj_iJ on Lq is harmonic. This reduces the 
infinite dimensional space of maps t to a deformation space of dimension b^{Lo) = dimi7^(Lo,K). 
Furthermore, there are no obstructions to extending a first order deformation to a finite deforma- 
tion. The tangent space to such deformations can be identified through the cohomology class of 
the harmonic form with H^{Lq,M.). We can thus write a basis of harmonic one-forms 6i on Lq as 

Oi = SijJ\Lo , *0i = -2e<^s,jIm(C7J7)|L, , i = 1, . . . , b\Lo) , (2.16) 

where Sj is a basis of the real special Lagrangian normal deformations. Let us recall the derivation 
of the expression for *6i [25]. We do this more generally, by determining the Hodge-dual of a one 
form a = (XjJ)|ig for some X £ TY\lq. Note that the vector dual to a by raising the index with 
the induced metric is IX where / is the complex structure on Y. Hence one checks 

*{X^J)\lo = {IX)jvoIlo . (2.17) 

However, on Lq the volume form is identical to 2e'f'Re{CQ) by (f2Ji]l . This imphes 

* {XjJ)\lo = 2e^iIXjRe{Cn))\Lo = -2e^XjIm(C7f)))U„ (2.18) 

where the minus sign arises from evaluating / on the (3, 0)-form il, {IX)jQ = iXjQ. 

We have just introduced the general supersymmetric deformation encoded by 6^(Lo) scalars ??* 
arising in the expansion 0^ = r]'^9i of the harmonic form 0^. The r/*(x) will be real scalar fields in 
the four-dimensional effective theory depending on the four space-time coordinates x. Let us next 
discuss the degrees of freedom due to U{1) Wilson lines arising from non-trivial one-cycles on the 
D6-brane world- volume. Later on we will show that these real scalars will complexify the r/*. The 
Wilson line scalars arise in the expansion of the U{1) gauge boson A-^q on the D6-brane as 

Ar,e = A + a'ai, (2.19) 
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where A is a U{1) gauge field and the o*(x) are b^{Lo) real scalars in four dimensions. The forms 
dj provide a basis of H'^{Lq,'L). Note that in general the U{1) field strength Fdq = dA^Q can 
additionally admit a background flux (Foe) = /d6 in H'^i^o,'^), which can be trivial or non-trivial 
in H^{Y, M). Since we will focus on the kinetic terms in the following we will set /d6 = for most 
of the discussion. Note that Fd6 naturally combines with the NS-NS B-field into the combination 
Ft)6 — i*B2. 

To summarize, one finds as massless variations around a super symmetric vacuum 
chiral multiplets from the bulk and &^(Lo) chiral multiplets o*) from the D6-brane. The precise 
organization of these fields into N = 1 complex coordinates is postponed to section [3l 

2.2 General deformations of D6-branes 

So far we have discussed the supersymmetric background D6-brane and its supersymmetric de- 
formations. However, in general Lq admits an infinite set of deformations which will render the 
D6-brane non-super symmetric. These deformations will be included in the following and shown 
to be obstructed by a scalar potential. In order to do that, one recalls that the string-frame 
world-volume action for the D6-brane takes the form 

Sll = - I d'^e- V-det {i* (510 + B2) - Foe) + / V .*(C,) A e^°«-^*(«^) . (2.20) 

In this subsection we will derive the scalar potential arising from the first term in (j2.20p . the 
Dirac-Born-Infeld action. 

Exponential map and normal coordinate expansion 

A general fluctuation of Lq to a nearby three-cycle is described by real sections r] of the normal 
bundle NyL^. Clearly, the space of such sections is infinite dimensional as is the space of all L^. 
To make the identification between and r] more explicit, one recalls that in a sufficiently small 
neighborhood of Lq the exponential map exp^ is a diffeomorphism of Lq onto L^. Roughly speaking, 
one has to consider geodesies through each point p on Lq with tangent r]{p) and move this point 
along the geodesic for a distance of to obtain the nearby three-cycle L^. 

It is important to consider how the pull-backs of J,\m[CVt) as well as other two and three-forms 
of Y behave when moving from Lq to L^. To examine this change one introduces the pull-back of 
the exponential map 

S^(7) = exp;(7|ij , (2.21) 

where r] G NLq, and 7 G QPiY) are p-forms on Y . Hence, pulls back 7 from to a p-form 
Ej^i'j) G r2^(Lo) on Lq. Of particular interest are the evaluation of on J and Im(Cf]). In fact. 
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one shows that [T8)^l 

En{J) = dfii , E^{lm{Cn)) = dfi2 , (2.22) 

which means that Erj{J) and E,r,{Cn) are exact forms on Lq. In order to study special Lagrangian 
deformations as in section 12.11 one thus has to consider the space of deformations rjsp such that 
E^JJ) = and Er,Jlm{C^})) = M- 

In the leading order effective action we will often be interested in first order deformation and the 
linearizations E'^{'y) := 9t-Etr;(7)|t=o of will be of importance. A straightforward computation 
shows that for 7 being a closed form on Y one has 

dj = 0: E'^ij) = £^(7)|lo = d{v^l)\Lo ■ (2.23) 

Here we have used the standard formula for the Lie derivative on a form £^7 = d{r]_i^) + 'qjd'j. 
Note that (I2.23P immediately implies that 

E'^{J) = dOr, , E'^{lm{Cn)) = -2e*d*en . (2.24) 

where Orj = rjjJlig and we have again used the fact that = 2e'^r)jliaC^\Lo as in (I2.16p . One 
can proceed with the expansion of the exponential map and determine the full normal coordinate 
expansion. In particular, for a p-form one finds the small t expansion 



EtviCp) = ^ C,,...,,+t- r/"a„Q,.„i, -pV,,7?"C7„,,...iJ (2.25) 



nmi'i...Xp 



+ '-^RLrn.tv'^C,,.....) + 0{t') ] de A ... A dC". 

Such normal coordinate expansions have been used for D-branes of different dimensions, for exam- 
ple, in refs. [121 [lH |22] . 



The scalar potential for Lagrangian deformations 

Using the exponential map and the corresponding normal coordinate expansion one can study the 
geometric properties of when examined on Lq. This in particular includes the variations of the 
volume functional 

V{Lr,)= f d3^e-Vdet(/,*5) = / e-^^voU^ , (2.26) 

where l is the pull-back of the Calabi-Yau metric to . Despite the fact that the reference cycle Lq 
is special Lagrangian the analysis of V{Lrj) is still rather involved for a general deformation vector 
field r] [18]. Note that the volume functional ()2.26p is obtained from the Dirac-Born-Infeld action 
in (|2.20p by temporarily ignoring the brane field strength Fj)q and the NS-NS B-field i?2- 

®This can be deduced from the fact that J and lm{Cfl) are closed and one has in cohomology that [-£77(7)] ~ [7|lo]- 
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We will first restrict to the case that is Lagrangian. In this case one can study the deforma- 
tions of the volume functional employing a rather elegant computation. Later on we include the 
additional terms obtained in the general linearized analysis of p!8] . Given a Lagrangian submanifold 
L in y one notes that its induced volume form is proportional to the pullback of the holomorphic 
three-form to L. The proportionality factor is in general a function depending on the coordinates 
^ of L. Thus, comparing Q\l with the volume form on L one has 

e-^voh = 2C7d6J^|l , C^iO = |C|e-*^°««) , (2.27) 

where \C\ is introduced in ()2.9p . Recall that C is constant on Y since it only contains the constant 
phase of the 06-planes, in accord with the fact that the 06-planes wrap special Lagrangian cycles 
(I2.12p . In contrast, Ooq{^) is a real map, generally depending on the coordinates ^ on L. As 
0D6 appears in (j2.27p with a 2ti periodicity it is a map from L to the circle, and induces a map 
^D6* '■ '^{L) — )• 7r(S'^). However, in order to avoid anomalies, one demands that actually admits a 
lift to a function with values on the full real axis. This implies that 9dq^{L) vanishes and translates 
to the condition that the class [d^oe] vanishes. These Lagrangian submanifolds are known as graded 
Lagrangians [3l] , and the lift of 9b6 to a real valued function is the grading. 

Let us next consider a family of Lagrangian submanifolds L{t) which are obtained by deforming 
an initial Lagrangian L{0) for a distance t into the direction of the normal vector field rj. For this 
to be a Lagrangian deformation 6^ = r]_iJ\i has to be closed. On each L{t) we can introduce a 
coordinate dependent phase 0d6(C)^)- We consider the t-derivative of e*^°^(*^ vol/^(^) by evaluating 

^(e-*+^fc.^oli) = {C^\C\n)\L = -e-^+''^'idej,eAr]^volL+i{d*e^)volL) , (2.28) 

where d* = *d* with * being the t-dependent Hodge-star on L{t). Comparing real and imaginary 
parts one finds that 

j^Odg = -d*9r, , ^ voIl = -dOm A , (2.29) 

Note that a particularly interesting case is when 0^ = dO-DQ, since in this case the second 
equation ensures that the volume of L is decreasing along rjae^g- In fact, this normal vector precisely 
parameterizes the directions to L in which its volume is most efficiently decreasing. This vector 
is known as mean curvature vector. Such Lagrangian mean curvature flows have been discussed 
intensively in the mathematical literature (see, e.g., refs. [62\ I33|. and references therein). 

We are now in the position to evaluate the t-derivatives of vol/, at the point t = 0. We return 
to the case that L{0) = Lq is the background special Lagrangian. One then shows that 

d d^ 

^ voIl |t=o = , ^ voIl |t=o = {dd*er^) A . (2.30) 

In this computation it is crucial to use the fact that at t = one has 9d&{^) = ^06 is constant on 
Lq. This immediately implies the vanishing of the first derivative of vol^ using (|2.29p . To evaluate 
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the second derivative both equations (|2.29p have to be appUed successively. Finally, we can use 
()2.30p to evaluate the lowest order scalar potential for a Lagrangian brane on L{t) as 

^V(Ltrj)\t=o = e-* [ d*e„h*d*e„ = 4.6* [ d(T]jlmCn) A *d(r]AmCn) , (2.31) 

where V is the volume functional (j2.26p . As we will show later on, this term provides a scalar 
potential which corresponds to a D-term in the four-dimensional M = 1 effective theory for the 
D6-brane. 



The scalar potential for general deformations 



Before turning to the details of the Kaluza-Klein reduction let us recall that one can extend the 
analysis to deformations t] for which L{t) is no longer Lagrangian. In this case dr]_iJ does not 
necessarily vanish and (|2.27p is not generally possible. However, one can still evaluate the second 
derivative of the volume of L{t) at the point t = as [18] 

d"^ r r 

-T^V{Lt^)\t=o = e'* / d(r/jj) A *d{r]jj) + Ae* / d{r]AraC9.) A *d{r]AmC9.) . (2.32) 
at Jlo Jlo 

The new term depending on d{r]jj) is the obstruction for L[t) to be Lagrangian. In the four- 
dimensional M = 1 effective theory for the D6-brane this term can be obtained as one of the 
F-term contributions from a superpotential which we determine in section [H 



The scalar potential including the B-field 



So far we have discussed the scalar potential without the inclusion of the NS-NS B-field of Type IIA 
string theory and the brane field strength -Fd6- To compute the leading order potential including 
we note that only the part F of -Fdg contributes to the potential which has indices on the 
internal three-cycle wrapped by the brane. We perform a Taylor expansion of the Dirac-Born- 
Infeld action using 

Vdet(2l + *B) = Vdet(2l) 1 + + \ [[Tt{%-^^)]^ - 2TT{[^-^^f)^ + ... (2.33) 

for small fluctuations 53 and invertible 21. The matrix 53 we want to identify with the normal 
coordinate expansion B2 — F in (|2.20p . while 21 is the background metric of the Calabi-Yau 
space restricted to Lq. Recall that the normal coordinate expansion £^^^(^2) was given in (|2.25p . 
One notes that the first term in the expansion (|2.33p is canceled by tadpole cancellation of the 
D6-branes with the 06-planes in the background. Moreover, the second and third term in ()2.33p 
do not contribute to the potential since 21 is symmetric while *B is anti-symmetric. Evaluating the 
remammg term Tr([2t"^*B]2) and adding the result (l232]l one finds 

V^l^ = e-'^ 1 [d*e^A*d*e^ + d9r,A*d9r^ + iF-B2-de^)A*{F-B2-d9^)] , (2.34) 
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which is stih expressed in the ten-dimensional string frame. Here we have introduced the abbrevi- 
ation 

e^ = il^B2\Lo, (2.35) 

which is the B-field analog of Orj = rj_iJ\L^. This concludes the computation of the scalar potential 
from the Dirac-Born-Infeld action. In a next step we want to introduce a Kaluza-Klein basis and 
determine the complete leading order effective action including the kinetic terms. 

2.3 A Kaluza-Klein basis 

In performing a Kaluza-Klein reduction of the D6-brane action to four space-time dimensions we 
like to include all massive modes corresponding to arbitrary deformations of Lq to L^. This means 
that we include sections sj of NLq which yield one-forms in the contraction with J 

9i = sijJ\lo G ^HLo) ■ (2.36) 

For a compact Lq it is possible to label these one- forms by indices / = 1, . . . , oo by considering the 
Kaluza-Klein eigenmodes of the Laplacian A^g. In this case the zero modes A^gOi = are precisely 
the harmonic forms 6i introduced in (j2.16p . However, the basis adopted to A^.^ is not always useful, 
since it explicitly depends on the metric inherited form the ambient Calabi-Yau manifold. In the 
following we will therefore work with a general countable basis of i7^(Lo)) and later use the induced 
metric to interpret the final expressions after performing the reduction. In general we will always 
demand that the one-forms 9j are finite in the L^-metric 

QiaJ) = [ aA*(3 , (2.37) 

where d, /3 G Q^{Lq). 

Let us now turn to the discussion of the U (1) gauge field on the D6-brane. It admits the general 
expansion 

Am = A-^ hj + ai , (2.38) 

where hj £ C°°{Lq) is a basis of functions on Lq and aj G J7^(Lo) is a basis of one-forms on 
Lq. Here again a countable basis can be chosen due to the compactness of Lq. Note that the 
field-strength of Adq is given by 

Fd6 = F'^ hj - A-^ Adhj + da^ Aai + F , F = daj + /d6 , (2.39) 

where /d6 £ H'^{Lo,M.) is a background flux of Fdq on Lq. The terms dhj and daj arise due to 
the fact that the functions hj need not to be constant on Lq and the one-forms aj need not to be 
closed. 

We thus find that an infinite tower of scalars which are coefficients of exact forms are actually 
gauged by the gauge fields A"^ for which dhj ^ 0. Moreover, scalars arising in the expansion in 
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non-closed forms appear without four-dimensional derivative in the expansion (j2.39p . To see this, 
we introduce a special basis adopted to the metric induced on Lq. More precisely, via the Hodge 
decomposition each one-form aj can be uniquely decomposed into a harmonic form, an exact form 
dhj and an co-exact form d*'jj on Lq as 

aj = ^\ai + dhj + d*^! , (2.40) 

where dj are the 6^(Lo) harmonic forms introduced in (j2.19p . We thus pick a basis of the space 
of exact forms ^11^{Lq) denoted by dhj and a basis (i*7/ of the space ill^^^{LQ) which are exact 
with respect to d*. By appropriate redefinition we can introduce scalars a"^ parameterizing the 
expansion in dhj. Denoting the coefficients of the non-closed forms (i*7/ by , and the coefficients 
of the harmonic forms by the expansion (j2.39p reads 

Fd6 = F^hi + da^ A aj + Vd^ A dhj + dd'^ A d*ji + F , (2.41) 
Vd^ = dd^ - A\ F = d^dd*-fi + /d6 . 

From this we conclude that precisely the scalars d^ are gauged by . Since the four-dimensional 
effective theory is an A/" = 1 supersymmetric theory one infers that there will be D-terms induced 
due to these gaugings Pa^, while F-terms are induced due to F. We will determine the D-term in 
section HI and check that it matches the moment map analysis of ref . [3l] . 

2.4 The four-dimensional effective action 

We can now determine the kinetic terms for the chiral multiplets of the D6-brane coupled to the bulk 
supergravity. Since the bulk action has been Kaluza-Klein reduced on the orientifold background 
in ref. |llj we will focus on the reduction of the D6-brane action ()2.20p . The contributions entirely 
due to bulk fields are later included in the determination of the M = 1 characteristic data. 

Dirac-Born-Infeld action 

Let us start by considering the Kaluza-Klein reduction of the first term in (I2.20p . i.e. the Dirac- 
Born-Infeld action. We expand the determinant in ()2.20p to quadratic order in the fluctuations 
around the supersymmetric background. These are precisely the fluctuations of the embedding l 
of L parameterized by the flelds r/* of (|2.16p and the Wilson line scalars a* introduced in (j2.19p . 
The normal coordinate expansions of the ten-dimensional metric on the D6-brane world-volume is 
given to leading order by 

i*9io = {e^'^Vt^u + 9{df,v, OuV)) dx^' ■ dx" + {i*g + 5{i*g))mndr ■ dC , (2.42) 

where gmn is the induced metric on L, and 5{L*g)mn is the metric variation induced by the variation 
of the background Kahler and complex structure. Note that the four-dimensional metric rj^i, is 
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rescaled to the four-dimensional Einstein frame|J One first performs the Taylor expansion of the 
determinant while using ()2.42p . Inserting the result together with Fdq given in (I2.4ip into the first 
part of ()2.20p we obtain the four-dimensional action 

+e^^gijVa^ A *Vd-^ + e^^Gudr]^ A *dr]'^ + Fdbi * 1 , (2.43) 

in the four-dimensional Einstein frame. The covariant derivative Va^ was introduced in (j2.4ip and 
indicates the gauging of the infinite tower of scalars d^ . The potential term ^dbi depends on the 
deformations 5{i*g)mn of the calibration conditions (j2.14p induced by the variation of the induced 
metric on which we computed in (j2.32p . Moreover, one obtains an additional term depending 
on the modes violating the background condition F-qq — B2\lo = Q a.s in (|2.34p . Explicitly we find 

^DBI = ^ / d*er, A + / (dOr, A ^dOr, + {F - B2 - dO^) A *{F - B2 - dd^)] , (2.44) 

where F is defined in ()2.4ip . In the following we will discuss the metric functions appearing in the 
kinetic terms of ()2.43p . 

The first term in (|2.43p is the kinetic term for the U{1) gauge bosons . The gauge coupling 
function is thus given to leading order by 

f,ij= [ {2Re{Cn) + iC3)hihj, (2.45) 

where the volume of Lq has been replaced using ()2.14p . Note that Re/r/j admits a simple ge- 
ometrical interpretation as L^-metric on the space of functions on Lq. More generally, without 
introducing a specific basis and restricting to a special Lagrangian one writes for two functions h, h 
on L 

Refr{h,h)\L = e-'^ j hA*h, (2.46) 
which readily reduces to ()2.45p on L = Lq using *1 = voIl and (I2.14p . 

The second, third and fourth term in (|2.43p are the kinetic terms for the Wilson line moduli 
a^,d^ ,d\ where the later appear with the covariant derivative Pa^ = dd^ + as introduced in 
(j2.4ip . The appearing metrics take the form 

9ij = le-'^g{ai,aj) , Gij = ^e-''>g{d*^i,d*-/j) , Gij = ^e-^g{dhi,dhj) , (2.47) 

where Q is the L^-metric defined in (j2.37p . and Oj, dh^ and d*^j are the one-form basis introduced 
in (j2.4ip . The fifth term in (I2.43P contains the field space metric for the deformations r]^ and is of 
the form 

Qij= [ g{si,sj)Re{CQ) = le-'f'g{6i,ej) . (2.48) 

Recall that the four-dimensional metric in the Einstein frame rj is related to the string frame metric r;^^ via 
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where Oj are the one- forms on Lq introduced in (|2.36p . Let us comment on the derivation of the 
second identity in ()2.48p . Here we first have to use the fact that g{si,Sj) = J{si,Isj) = {Isj)j9i, 
where J is the Kahler form and / is the complex structure on Y. Next we deduce from JARe(Cr2) = 
that we can move the Isj to obtain 9i A {Isj)jReCQ. However, since CO is a (3,0)-form one 
deduces using 

2{Isj)^ReCn = -2sjjlm(Cn) = e'^ * Oj , (2.49) 

and the identity ()2.16p the second equahty in (I2.48p . 

This completes our reduction of the Dirac-Born-Infeld action. Let us stress that the reduction 
so far only included the leading order terms. In order to fully extract the M = 1 characteristic 
data, however, we will need to match also higher order terms. It turns out that an efficient strategy 
to proceed is to include these by using supersymmetry and a careful study of the the Chern-Simons 
action. We will turn to the Kaluza-Klein reduction of this part of the D-brane action in the 
following. 

Chern-Simons action 

Let us now turn to the dimensional reduction of the Chern-Simons part of the D6-brane action. In 
the reduction one can again perform a normal coordinate expansion of the form-fields appearing 
in the action. However, we will take here a somewhat different route and parameterize the normal 
variations by introducing a four-chain C4 which contains the three-cycle in its boundary 

dC4 = - Lo , (2.50) 

where Lq is the reference three-cycle, the super symmetric background cycle. 

We consider the Chern-Simons action containing the R-R forms 6*3,(75 and C7 given by 

Scs = I e^-^^ A (C3 + C5 + C-j) + S% (2.51) 

Here >vj°^ = M^'^ x Lq, 

•5cs = / ^[e^"""' A (C3 + C5 + Cj)] , (2.52) 

and = M^'^ x C4 such that W7 C SWs. This is in a similar spirit as the constructions in 
[35]. To perform the Kaluza-Klein reduction of ()2.52p we consider the expansion of A, the wedge 
product between the R-R forms and the B-field introduced in ()2.5p . as 

e-^^ACp = (C'^afc - eA/3^) + (^" A + ^„ A cD") (2.53) 

p=3, 5,7,9 

+ (^2^ A aA - Cl A P^) + (^3° + A + A lD'^ + Cl A voly) . 
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In (I233D . (oA,/?'') is a basis of H^{Y,R), uJa,uJa are basis of H'i{Y,R), Hl{Y,R), and lD'^,u}° 



are a basis of H^{Y,M.), H^{Y,'K). Here we introduced the four-dimensional two-forms (C2,C|'' 



which are dual to the scalars {^^,Cx)i already introduced in (j2.8p . The vectors A" have been 
already introduced in (j2.1ip . and are their four-dimensional duals. Moreover, the Kaluza- 
Klein expansion (j2.53p also contains the four-dimensional three-forms (C3 , Cf , , Cg) which are 
non-dynamical, but will crucially contribute to the scalar potential as in ref. [22|. 

Note also that the fields defined in ()2.53p are not the expansions from the R-R forms alone, but 
in general combine with the NS-NS two- form B2. Denoting by a hat "the fields which arise in the 
expansion of the R-R forms alone, one finds, for example, that 

f vectors: yl" = i'^ , = i« - Af^b'^fCRaa , 

B2-corrected: <^ n -^n " ~n 2.54 

[ 3-forms: C° = , C7» = + b" , etc. 

where A"', and Aa, denote the space-time vector bosons and three- forms coming from the 
expansion of C3 and C5, respectively. In contrast, the scalars and two-forms in (|2.53p have no 
mixing with the B-field such that 

no B2-correction: scalars: ^\) 2-forms: (Ca,^!). (2.55) 

As discussed in more detail in section [5] the situation is precisely reversed under mirror symmetry. 
In fact, using the results on the side without B2 corrections mirror symmetry can be used to 
compute the corrected couplings. 

The Chern Simons action is dimensionally reduced by inserting (j2.53p into (12.52p . Focusing on 
the couplings of A" and (C2 , C"^) in favor over their duals, one findslfl 



0(4) 



I ilm/r/j AF'^- {6ixdC^ - S'idCl) A £ (2.56) 
-(X/A dC^ - dCl) A da' + + £3 • 



Here £mix corresponds to the mixing of the brane and bulk gauge bosons 

C^^ = (a-^A(,)j„ + r(,),) dA^ AF' + Jl^j^dAo, A F' , (2.57) 
and is the term which depends on the three-form field strengths as 

£3 = dCl [\a'a^^ij + a^fj) + dC^ (a-^Aj„ + r„) + dC^ . (2.58) 

In order to display the couplings appearing in this action we first define the integral X(a, a) 
between a one-form a on and a three-form a on Y, as well as the integral J'{f3,u}) between a 



*One could also include the couplings to Ac and (^^j^a)- In this case one has to analyze also the bulk action 
keeping all forms and their duals as in ref. [30| . 
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two- form /3 on and a two- form a; on y. To do that we again extend the forms defined on Lq to 
the chain C4 such that they are constant along the normal directions of in y. We define 



I{a,a)= / aAa, J{P,u}) = / /3 A a; . (2.59) 

Furthermore, we will also need a pairing 5 between a a function h on Lq and three-form a on y, 
as well as a pairing A between a one-form 7 on Lq and a two-form on Y . Hence, we set 

5{h,a)= I ha+Z{dh,a), A(7, /3) = / 7 A /3 + J((i7, /3) . (2.60) 



Note that these latter definitions include terms supported on Lq which are non-vanishing even in 
the limit of vanishing normal displacement rj. This redefinition is necessary since X and J7 vanish 
for a vanishing normal displacement. In fact, we can expand (|2.59p to first order in rj for small 
normal displacement in C4 = L^j — Lq and obtain 

Z{a,a)= I aAr]ja + ... , J0,io) = / /3 A 7?ja; + ... , (2.61) 

which has a leading term linear in rj. 

Having introduced the pairings we can display the couplings in (j2.56p . (j2.57p and (j2.58p . Let 
us start with the couplings in (j2.56p obtained as 

X/A = liai, ax) , If = Iiai,P') , 5/a = 5(/i/, oa) , Sf = S{hj,l3') . (2.62) 
Furthermore, in the mixed term £mix! given in (j2.57p . for the gauge bosons one finds 

^{i)Ja = A{hiaj,uja) , r(7)„ = Jihifr,Q,uja) , = hiLb"" . (2.63) 

Finally, we introduce the coefficients in (j2.58p as 

Aj„ = A(aj, uja) , r„ = J(/d6, Wa) , (2.64) 

for couplings between the ambient space two-forms uoa and forms aj and /d6 on the D6-brane. The 
remaining couplings are 



1 aiAdaj, f J = /" ajA /d6 , J" = f . (2.65) 

J Lq J Lq J C4 



It is not hard to interpret the different terms appearing in the action (j2.56p . The first term 
corresponds to the theta-angle term of the gauge theory on the D6-brane and thus contains the 
imaginary part of the gauge kinetic function. The second is a Green-Schwarz term which indicates 
that the scalar fields {(^ dual to the two-forms {C\.,C2) ^-^^ gauged by the D6-brane vector 
fields A^. In fact, upon elimination of (C|,C2) one finds the covariant derivative 

= di'' + b\A' , Dlx = dlx + bi^A' , (2.66) 
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We will show that the corresponding D-term appears in V^jbi as expected from super symmetry in 
section HI The third term in (I2.56P will be of importance for the derivation of the Kahler potential 
and complex coordinates on the M = 1 field space. Upon elimination of (C|,C'2) it induces a 
mixing of the kinetic terms of = (a*,a^) and More precisely, one finds the modified 

four-dimensional kinetic terms 

C't, = Gki^e A *Ve' + G^^Vlx A *V|« + 2G„^Ve A *V|a (2.67) 
where the modified derivatives V are defined by 

y^k ^ jj^k ^ j-k^^i ^ ^ Zixda^, (2.68) 

with the metric G given as in the closed string case, 

Gki = le^'' j^ak/\*ai , G^-^ = i e^^ ^ A *r , G^^ = - i e^^ ^ a, A */3^ (2.69) 

Note that the form of the metric G for V^'^ and V^a closely resembles the form of the metric Qij 
for the scalars a* as seen from (j2.43p and (j2.47p . We will exploit this observation in the detailed 
study of the moduli space geometry later on. This similarity only occurs in the M = 1 orientifold 
for which the field space metric is Kahler. In the underlying N = 2 set-ups the moduli space 
containing the R-R scalars is a quaternionic manifold. 

The £mix is a kinetic mixing term between the U{1) from the brane with the vector field from 
the C3 expansion. This term will be important in the derivation of the gauge coupling function in 
section [3l 

The term £3 given by ()2.58p contains the four-dimensional three-forms which arise in the ex- 
pansion of G^jG^jGj. Very similar to the analysis in ref. [22j they will be crucial to complete the 
scalar potential contributions in Vdbi to supersymmetric F-terms which can be obtained from a 
superpotential. To find the scalar potential from the three-form potential one has to eliminate the 
forms dG^, dG^ and dG^ from the complete four-dimensional effective action. In particular, in 
addition to £3 one also has to include the reduction of the ten-dimensional kinetic term in (12. 4p . 
The resulting action for the three-forms will be given in terms of the matrix defined as 

■^"^^ V l>^Aabb%' -JCABab"" 

where A = {0,a,a}, and one has to use ICaba = = 0. Using these definitions we find after 

rescaling to the Einstein that 

%form = j le-^"" {ImNY^ ^\dGi - Mac dGI) A *idGl - My dGl) + £3 , (2.71) 

where Cf = (C^,Gf) and C| = {Gl,Gl), and £3 is the D-brane coupling defined in ([^35]) . As 
in ref. [22] we next dualize dG^,dG^ and dG^^dG^ into flux scalars cq, ea,m"' ,Tn^ ■ In ref. |42j the 



\ , / 1 + ^Gabb-b" -AGBab^ \ 

J - I -^G^ab^ ^G^B J ' 
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interpretation of these scalars as quantized fluxes has been provided. They also arise as background 
values of the field strengths F2 = m°'u}a,F4 = CaU}"" and Fq = eovoly as there expansions into 
harmonic forms on y. In addition there is Romans mass parameter Fq = Gq = mP. After 
dualization of the three-forms on finds the scalar potential 

^flux+cs = ie-"^(ImAA)-i^^(ea - AAaem') A *(e',-Mym'^) , (2.72) 

where 

eo = eo + W FAF + i/ FAo^q/, (2.73) 

-/ C4 Lq 
Sa = ea+ F AUJa + aj A COa, 

rff = nf- + j Cj'^ , fh^ = rrp . 

The additional terms in the definitions (|2.73p arise precisely because of the term £3 form the D6- 
brane. Luckily, apart from these shifts, the closed string moduli dependence of the potential (j2.72p 
agrees with the analog expression found in ref. [11], and we will thus be able to integrate it into a 
superpotential without much effort. 



Restriction of the brane action to harmonic modes 



To conclude our reduction of the D6-brane action let us also give the result which is obtained 
by restricting to harmonic forms. This corresponds to a truncation of the Kaluza-Klein tower of 
the brane fields to include only the lightest states. The resulting action will be useful in the next 
section when analyzing the moduli space. The Kaluza-Klein Ansatz for the D6-brane field strength, 
eqn. (j2.4ip . simplifies to 

Fd6 = F + da' A ai + fm ■ (2.74) 
This implies that the DBI action reduces to 

S'^^^ = - j iRe/r F A *F + e'^^Gij da' A *da^ + e^^Gij dr]' A *dr]^ , (2.75) 

with the metric Qij being the same as in (j2.47p . and Gij the restriction of (j2.48p to supersymmetric 
deformations (i.e., harmonic one- forms 6i). The gauge coupling function (I2.45P simplifies to 

Re/r = / 2Re{Cn) , (2.76) 

as we restrict hj to the only harmonic function, the constant function which we normalized to 1. 
We did not include the scalar potential Vdbi since it vanishes when restricting to the harmonic 
subset of forms, as we will show in section HI 
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The truncation of the Chern-Simons action to the harmonic modes is 
^g] = j 1 Im/r FAF- {5xdC^ -6^dCl)AA- (X^ dC^ - Xf dCi) A da' (2.77) 
+ {a^Aja + r«)d.4° A F + J'^dAa AF + dCI{a^Aja + T^) + dC'^ J" + dCg^ (a^f,) , 
with couphngs 

Sx = [ ax, 5^= f P\ Xix = [ a^/\ax, Xf = / A /3^ (2.78) 

AiA = diAujA, Ta= /dgAcja, A = {a,a}, = / ^ foe , 

and = Jq^i^"^ as defined in (|2.65p . One reahzes that the couplings {6\,5^) and AiA,Ti are 
constants, while the couplings {Xi\,X^) and Ta depend on the brane deformations through the 
chain C4. 

Let us take a closer look at the three- form couplings £3. We can expand the C4 chain around 
the Lq cycle to see the explicit dependence on the brane deformations. Just like (|2.6ip . we obtain, 
up to first order in the open fields, 

C3 = dCI I {a^djAuja + r]^Sj^cOa/\fD6)+dC^, [ r]^sjjcb^ + dCl f a^d^Afm- (2.79) 

J Lq J Lq J Lq 

Note that this implies that £3 is non- vanishing also in the case we restrict to harmonic forms only. 
However, note that (j2.79p describes a coupling between the open and closed sector. In fact, the 
scalar potential (I2.72p arising from ()2.79p is obtained as an F-term potential when varying the 
superpotential with respect to the closed string fields t". 



3 The open-closed moduli space and the Hitchin functionals 

In this section we discuss the geometry of the moduli space of the bulk sector and brane sector in 
more detail. In the first part, section \37\] we assume that the open moduli are frozen and discuss 
the geometry of the moduli space A^*^ of the dilaton and the real complex structure deformations 
following [llj . In section 13.21 we discuss the moduli space of special Lagrangian deformations 77* 
following the work of Hitchin |24| 125] . This description will be slightly extended by including the 
NS-NS B-field. The open moduli space has finite dimension 6^(Lo) and can be encoded by the 
variation of harmonic one- or two- forms on Lq . 

In the complete set-up, with varying open and closed modes, the definition of being special 
Lagrangian crucially depends on both the Kahler as well as the complex structure moduli of y. In 
fact, the normal vectors used in order to define the one- forms Oi = SijJ need to be chosen such 
that Oi is harmonic. This notion changes when varying the complex and Kahler structure of Y . 
Nevertheless, if such a change does not alter the topology of Y and Lq, one expects to find a new 
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embedding map t' which makes super symmetric in Y and posses also &^(Lo) special Lagrangian 
deformations. This suggest to view the full moduli space as fibration of the open string moduli 
space A4g over the closed string moduli space space spanned by 

the complexified Kahler deformations. In section [3^ we will explore the local geometry of this full 
moduli space in more detail. Note that we are still dealing with only a finite set of deformations. In 
the absence of background fluxes these remain massless due to the vanishing of the scalar potential. 

In section 13.41 we also analyze the gauge coupling function and the kinetic mixing for the brane 
and bulk U{1) gauge fields. In particular, we comment on its holomorphicity properties. 



3.1 The orientifold moduli space 

Let us first discuss the moduli space A^*^ for the closed string modes and the /i^^'^^ real complex 
structure deformations denoted by . Its metric takes the form 

\G = dD-dD + dq^^ ■ dq^ , (3-1) 

where K'^^ is the Weil-Petersson metric restricted to the slice of real complex structure defor- 
mations preserving the orientifold constraint (|2.ip . As suggested already in (j2.7p and (|2.8p one 
describes the geometry of this space by considering the the three-form 2Re{CQ) S i^|,(y, M) with 
periods U'' = 2Re(CX'=) and Ux = 2Re{CTx)- In these new coordinates = {U^, Ux) the metric 
G in ()3.ip is obtained as a second derivative of the real function jll] 

K'^{V) = -2 In \i [ CnACU] = -2 log [e^^i?] _ (3 2) 

Then the first derivatives of Kc are given by 

= 2e^^Im(C^,) = V, , \^ = -2e'^l^{CX') = V>^ . (3.3) 
The second derivatives of can be evaluated explicitly as well 

G = QjjKQjjL dU^ • dU^ = Gm dU^ ■ dU^ + G^^ dUx ■ dU^ + 2Gfc^ dU'' • dUx . (3.4) 

Here one checks that the components of G in these coordinates are precisely as defined in (j2.69p 
by either using a truncated version of A/" = 2 special geometry as in ref. or by applying the 
techniques developed by Hitchin in ref. [13] as done in [T^lfl The fact that (j2.69p is the metric for 
the scalars £,x) allows us to identify local complex coordinates N''' = U'^ + and T'^ = Ux + i^x 
on a Kahler manifold which is locally of the form Ai^ x //^(y, M/Z). The Kahler potential 
for the metric G on is precisely K'^{N + N,T + f) given in ([3^2]) . 



'_ff(Re(Cf2)) ~ i Jy Cfl A CSl is also known as entropy or Hitchin functional of the real three-form Re(Cr2). 
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Note that originally Ai^ was found as the Af = 1 field-space obtained by truncating the 
underling quaternionic geometry spanned by the N = 2 hypermultiplets. Each hypermultiplet 
has been truncated to a single M = 1 chiral multiplet such that M'^ has half the real dimension of 
the quaternionic space. However, in order to prepare for the discussion of the moduli space of special 
Lagrangian submanifolds, one notes that M'^ can also be viewed as a Lagrangian submanifold of 
a vector space. The map embedding Ai'^ in this special way is of the form 

pQ . _A/(Q^yxy*, V = Hl{Y,W), (3.5) 

where V* = H^{Y,M.) is the dual vector space of V . is Lagrangian with respect to the natural 
symplectic structure Vo onV x V* ^ i.e. F'^*xk) = 0, and its metric is induced by the natural metric 
g on y X y*, i.e. F'^*q = G. Explicitly, tt) and g are given by 

tt)((a, a'), (6, b')) = a'{b) - h'{a) , g((a, a'), (6, b')) = a'{b) + b'{a) , (3.6) 

where a' (a) is the application of a' £ V* to a G V. In the case at hand, tt) and g can be evaluated 
using the wedge product a'{b) = a' A 6, and the map is given by 

F^ : {D,q^) ^ {U''ak-UxP^,V^ax + Vk(3'') = {2Re{Cn),-2e^^lm{Cn)) . (3.7) 

Since Ai^ is a Lagrangian subspace of V x V* with induced metric G, it can be obtained as a 
graph of a function which is the potential introduced in ()3.2p . Note that the embedding of 
Ad'^ satisfies another special property, since 

Q{F<^{p),F'^{p)) = 2{VkU'' + V^Ux) = 4, (3.8) 

for every point p on TW*^. This additional condition corresponds to the fact that, upon complexifi- 
cation with the R-R scalars, the Kahler metric satisfies the no-scale type condition 

<,xi^«^^'"^^"<,.=4, (3.9) 

where M'^ = {N'^,T^) are the complex coordinates introduced in (12.80 . 

It worthwhile to mention that a similar logic can also be applied to the Kahler sector of the 
orientifold theory. In this case the functional is simply given by the logarithm of the Calabi-Yau 
volume. One finds that for the coefficients of J = v^uja that 



gyaQyb 41; 



oja A *ujh , = — In 



J A J A J 



(3.10) 



which is the analog of (13.20 and (13. 4p . Here also one finds a natural Lagrangian embedding F^ of 
the moduli space into a vector space, which is now of the form V xV* = H'^{Y, M) x H^(Y, M). 
Here the special non-scale property of translates to Q{F^{p), F^ (p)) = 3 for each p in . 
The complexification of is via the B2 scalars as in (j2.6|) and we locally have A4q = A4^^ x 
H'i{Y,R/Z). 
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Let us conclude the discussion of the moduh space A4'^ x Ai^ by presenting yet another way 
to motivate its geometrical structures. In an orientifold compactification it is well-known that the 
orientifold planes, located on the fix-points of the involution a, are not dynamical and hence do not 
posses moduli at weak string coupling. Hence, all deformations in Ai'^ x need to preserve the 
embedding of the fix-planes and thus the conditions (j2.12p . Clearly, this is indeed the case for the 
scaling of e^. Also the real complex structure and Kahler structure deformations chosen such that 
Im (Cr2) and J remain elements of {Y, M) and H'i {Y, M) ensure that these forms vanishes on the 
fix-point locus of a. In the discussion of the D6-brane moduli space we will turn the story around 
and consider the variations of the D-brane embedding maps l which preserve the conditions ()2.14p 
for fixed closed string fields. 

3.2 The moduli space of D6-branes on special Lagrangian submanifolds 

In the following we will discuss the moduli space of a supersymmetric D6-brane wrapped on a 
special Lagrangian cycle on a Calabi-Yau manifold Y with fixed complex and Kahler structure 
following [231 [25]. At the end of this subsection we propose a simple modification to include the 
B-field. 

The geometry of the moduli space of special Lagrangian submanifolds 

To begin with, recall that the space of maps from a three-dimensional manifold L into Y is infinite 
dimensional if no further restrictions are imposed. However, we have derived the potential (j2.44p 
for modes violating the supersymmetry constrains (I2.14P rendering these fields massive. Reducing 
the general deformation problem to embeddings l which preserve (j2.14p reduces the problem to 
the study of a finite dimensional deformation space Aio- In section \27i\ we already stated McLeans 
result that this moduli space A4o is &^(Lo)-dimensional. At linear order its geometry can be studied 
by considering the variations of harmonic one- forms rj^6i = rf SijJ on Lq. Here Si is a normal vector 
parameterizing a deformation through special Lagrangian submanifolds, and J is a fixed background 
Kahler form which vanishes on Lq. The Hodge dual to 6i on Lq can be obtained as contraction 
of lm{CQ) with Si as given in (I2.49[) . The variations of the 6i and *9i are analyzed by expanding 
these forms in an integral basis dj of H^{Lq,Z,) and /3* of H'^{Lq,7j) respectively, 

ei = Xiaj, ie-'^*0i = /i,■,/3^ (3.11) 

where A^(t/) and fJ-ijit]) define the periods of 9i and e""^ * 9i. Explicitly they are given by 

X{ = / SijJ , iJij = - I jIm(CJ7) A di . (3.12) 

J Lq J Lq 

Note that we have introduced an additional factor of the dilaton, which is constant for a fixed 
background, but will later allow us to make contact to the metrics found in section [2j By using the 
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closedness of J and Im((70) one shows that there exist functions {u^,Vi) such that 



In fact, {u^,Vi) are the analogs of {U^,Vk) for the orientifold moduh space 

Let us point out that the harmonic one-forms 9^ can be constructed on each obtained by 
a supersymmetric deformation of Lq [23]. Generahzing (|3.1ip we can pull back 6^ from L.^ to Lq 
using the exponential map E introduced in section 12.21 Following the strategy of section 12.41 we 
can then use the chain C4 to write 

Xi = d^^ I J A /3^' , = -d^. I ImCn A Uj . (3.14) 

which at linear order reproduces (j3.11|) on Lq. Inserting (|3.14p into (j3.13p this provides us with a 
chain integral expression for the coordinates (n*,fj). 



To obtain the differential geometrical structure on TW^ one follows a similar logic as in (j3.5p 
and (13. 7p . and defines the map 

Fo-. Mo ^ V xV* = H\L,R) X H'^{L,R) , (3.15) 

Using this map Aio is embedded as a Lagrangian submanifold with respect to the natural symplectic 
form tt) in (|3.6p on V x V* , where now a'{b) = J^a' Ab [25 . Moreover, the induced metric obtained 
from 0, defined in (13.6p . is evaluated to be 

F*Q = g,j du' ■ du^ = Gij djf ■ djf , (3.16) 

where Qij is explicitly given in (I2.47P and Qij can be found in (I2.48p . It is straightforward to 
evaluate the metrics in terms of the periods \\ and ^ij using ()3.1ip and ()3.13p as 

Qij = fJ-ki , Qij = fJ'ik {^~^)j ■ (3-17) 

From the fact that A^o is a Lagrangian submanifold one finds that it can be locally represented by 
a single function Kq with Vi = dKo/du^ . This is the direct analog of ()3.3p . Moreover, using the fact 
that F*Q = dui-dv^ the metric on Aio is the Hessian of Kq with respect to n*, i.e. Qij = d^Ko/du^du^ . 

As in the case of the orientifold moduli space, we next have to define a complexification of A4o 
to obtain the space . Let us first consider the case of vanishing B-field. Since the metric Qij in 
the coordinates agrees with the metric for the Wilson line moduli a* , found in (j2.43p , one defines 
complex coordinates C on M-'^ as 

no B-field: C = + ia\ (3.18) 
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and identifies -fCo(C + C) a Kahler potential such that 



a Ko . (3.19) 



The metric Qij on satisfies an important additional property. In fact, it turns out that 
is actually a non-compact Calabi-Yau manifold with non- vanishing holomorphic 6^(Lo)-form = 
dC} A ... A dC,^^ with constant length with respect to the Kahler form on A^^ |24j . However, 
it is important to note that Kq cannot be simply extended to a Kahler potential on a compact 
Calabi-Yau manifold due to its apparent shift symmetry C, ^ C, + ic, for constants c. As well- 
known these shift symmetries will however be broken by non-perturbative effects coupling with 
instanton factors e~^\ There has been much progress in understanding such corrections for in the 
holomorphic superpotential by explicitly computing the Type IIB chain integrals. Recent works 
in this direction include [Ml EH |38l EH], and references therein. The study of corrections to the 
Kahler potential is significantly more involved, since it is not protected by holomorphicity. 



Open coordinates with B-field 



So far we have analyzed in this subsection the open moduli space for vanishing B2 and /d6- We 
want to generalize this in the following. To include the B-field we note from p.l4p and ()3.13p that 
ti* can be written by using the four-chain in ()2.50p as 

= 1 JA^'=I' r]jJA^' + ..., (3.20) 

where we have also given the rj expansion for small fluctuations around Lq. One can now replace 
J in ()3.20p by —iJc = J — as used for the closed coordinates in ()2.6p . This leads us to modify 
(f3T8]l as 

C = < + ia' , 4 = -i / A /3V (3.21) 

Note that is the complexification of with a B-field correction which can be absorbed by a shift 
of a*. This implies that (|3.19p remains to be valid. 

In the definition ()3.2ip we have used the chain C4 with boundaries Lq and L^. It is desirable to 
introduce a similar extension which allows to include the gauge field. To do that we introduce an 
extension Fhq = d^oe of the gauge connection A^q to the chain C4 such that 

^dgIlo = ^D6 > Am\L^ = ^r)6 - «^«/ > (3-22) 

where a/ and have been transported trivially from Lq to L^ along the geodesic given by r/. 
Here is a background gauge bundle on Lq which for fixed B2 allows to satisfy the supersym- 
metry conditions on Lq. In other words, for a constant B2 along the chain, Jx)6 niight satisfy the 
supersymmetry conditions on Lq but violate the supersymmetry conditions on due to non-trivial 
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Wilson line scalars a . Importantly this prescription can also be used for r/ — )• 0. In this case, one 
does not deform Lq but changes the gauge connection by non-trivial scalars . The imaginary 
part of the M = 1 coordinates arising from the gauge connection Adq can now be also written as 
a chain integral J^^ Tbg A /3*. Thus, we find that the C given by the elegant expression 

C = -i [ {Jc - -Foe) A . (3.23) 

At leading order in the 77-expansion the complex coordinates are encoded by a one-form Ac on 
Lq with expansion 

Ac = -irj^Jc + iAB6 = Cdii , (3.24) 

into a basis ai of H^{Lq,Z). Let us close by noting that (j3.23p naturally includes a possible D6- 
brane flux. It would be interesting to evaluate all expressions found below including this flux. 
However, we will keep /dg = in most of the computations. 

3.3 The open-closed Kahler potential and J\f = 1 coordinates 

In the following we determine the J\f = 1 data for the kinetic terms of the four-dimensional effective 
action by specifying the Af = 1 complex coordinates, the Kahler potential and the gauge coupling 
function for the U(l) gauge theory on the D6-brane. We will do this by only including a finite set of 
deformations specified in the last two subsections. Note that these deformations will be obstructed 
by a scalar potential, since one always needs to impose the supersymmetry conditions (j2.14p for the 
deformed D6-brane which depend on both the open as well as closed moduli. One thus expects that 
only a space of complex dimension smaller than ^b'^(Y) + hh^{Y) + 6^(Lo) can be studied as a true 
open-closed moduli space which is classically un-obstructed by a scalar potential in the absence of 
background fluxes. This can be also understood by noting that Type IIA compactifications with 
D6-branes will admit an M-theory embedding as a compactification on a G2-iiianifold [iO\ HTj B2] . 
The finite number of massless deformations of this manifold will incorporate the subset of the 
closed and open deformations of section 13.11 and 13.21 which are flat directions of the supersymmetry 
conditions (I2.14j) . 

Let us start by noting that the D6-brane degrees of freedom are still encoded by the complex 
coordinates C which have been introduced in (|3.18p and (|3.2ip . Prom the closed string sector we 
find the complexified Kahler structure deformations introduced in (|2.6p . As we will check later 
on, the definition of the remaining closed string complex coordinates is corrected by a functional 
depending on the open coordinates C. More precisely, they arrange very elegantly as 

N'' = U^-2 % (e^^i^o) + Tx = Ux-2 dy, (e^^K^) + i^x, (3.25) 

where the real scalars (C'^,^a) arise in the expansion (12. 7p . and we recall that = 2Re(CX'=), 
Ux = 2Re{CFx) as weh as = 2e'^^lui{CFk), = -2e'^^lxn{C X^) are periods of C^. In 
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summary, we can simply write 



C = < + ia' , = U^ -2 dv^ (e^^Ko) + i^^ , (3.26) 

where = {^'',ix) and the abbreviations = (C/*=, Ux) and Vk = (Vfc, V^) are as in The 
real function Kg is now dependent on both n* as well as (or rather Vk)- To see this, note 
that e'^ * 6i = 2sjjIm(Cil) as introduced in (I2.16p . clearly depends on Im(Cri). Performing the 
ry-expansion of Ko around r] = one finds 

-2dv,ie^''Ko) = -%(e2^gy)|^=onV + ... , (3.27) 

= -I [ «iAsij/3^( / Asi^jY\'u^ + ... , 
2 Jlo ^ JLo ' 

as we derive in detail in appendix[Xl Together with a similar expression for dy\(e^^ K,^^ replacing 
/S'^ — )■ OA, one can use ()3.27p to derive the leading order effective action. In order to do that, we 
also need to specify the Kahler potential, to which we will turn next. Realize that as a trivial check 
of (|3.26|) one recovers the bulk TV = 1 coordinates {N"',^) given in (|2.8p if Kq = 0. 

To encode the leading order D6-brane effective action found in ()2.43p and ()2.56p . we finally need 
to specify the Kahler potential. It is given by 



K = K^'' + 
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= -e^^V-K (3.28) 



Note that K has to be evaluated in terms of the J\f = 1 coordinates (|3.25p and thus only depends 
on + + and — f". This can be done explicitly for the first term since 

K'^'it, t) = -ln [^ICabcit - t)"(i - t)\t - t)^] , (3.29) 

where JCabc = Jy ^ ^^b ^ are the triple intersection numbers. It corresponds to the volume 
of the Calabi-Yau manifold Y and will be corrected by perturbative and non-perturbative string 
worldsheet contributions. For the second term it is in general hard to find an explicit ex- 
pression in terms of the M = 1 coordinates. However, we are nevertheless able to check that the 
general kinetic terms determined by the derivatives of match the leading order terms found by 
dimensional reduction. 

Let us summarize the derivatives of the Kahler potential ET*^ . We note that the derivatives with 
respect to the closed string moduli A^'^, Tx take the same form as in (j3.3p . dj^kK = V^, Ot^K = F^. 
However, (Vk, V^) now depend implicitly on the open string coordinates through the evaluation 
of the closed string expressions in terms of the M = 1 coordinates (j3.25p . i.e. one has to view 
Vk{u\U^). The derivatives with respect to C will be postponed to section HI In summary one 
finds that 

Ki = e'^^Vi , Kk = 2 e^^lm{CTk) , = -2 e'^^lm{CX^) . (3.30) 
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where Ki = dK/dC Kk = dK/dN^ and Kx = dK/dTx- Also the Kahler metric can be evaluated 
explicitly. One finds for the derivatives with respect to [N'^ ,Tx, C) that 



^ki = Gki , KxR = G " , K^^y^ = Gfc , (3.31) 

where Gkl = {Gku G^'^, G^) was given in ^m\) . and = (X^,Xa) are the derivatives 



^k_ d'K, _ d'Ko 

' ~ dVudQ ' ~ dv^dC' ■ ^ ' 

In appendix |A] we will check these expressions by an explicit computation, and match these data 
with the leading order effective action obtained in section [2j 

Let us comment on the special form of the Kahler metric ()3.3ip . It can be directly inferred by 
making use of the invariance of the kinetic terms under the shift symmetries 

+ ih^ , Ta ^ Ta + ^Aa , (3.33) 

for arbitrary constants (A'^, Aa). If such shift symmetries exist in the full four-dimensional effective 
action one can replace the chiral multiplets and Ta) by linear multiplets (14, C|) and iV'^, C2), 
as described in more details in appendix[Bl Here Vk = {Vk, V^) are the scalars dual to (ReA^'^, RcTa) 
given in (j3.30p and {G^,C2) are two- forms dual to the scalars from C3. The chiral multiplets and 
linear multiplets are connected by a Legendre transform, and the new real function encoding the 
kinetic terms of the multiplets is given by 

k{V,C + = K{V)-Vk{N'' + N'')-V\Tx + fx) (3.34) 

oVk 

where we have inserted (j3.26p and used (|3.8p to obtain the constant term —4. The key point to notice 
is that in this dual picture all quantities are functions of Vk, C- In particular, this implies that now 
K{V) = — 21n(e~^-^) = -21n(z / Cfi A CQ) is independent of 0, and all equalities found for the 
moduli space of special Lagrangian cycles of section 13.21 can be directly applied. Since the linear 
multiplet picture is just an equivalent dual description one can equally express the kinetic terms in 
the chiral multiplet picture in terms of the derivatives of K. Let us denote by K^^ = dyj^dyj^K, 
and by Kkl its inverse. Similarly, we denote by K^i and A'^i^j the remaining second derivatives 
with respect to Q and Vk- The expression for the kinetic terms then has the form 

= _ (^k^r^j + k^, kK hk^r ) dC a *dC^ +kKL {dReM^ a *ReM-^ + dC^ A*d^'') 

-2 kKLk^^ {dReM^ A *du^ + d^^ A *da^) (3.35) 

This is precisely the form of the Kahler metric (j3.3ip and it remains to check that indeed Kk l = 
Gkl, k^i^j = e^^Qij and k^^ = Xf. For the leading order actions found in section [2] this is done 
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in appendix |3 Note that the form of the metric (j3.35p is also inherited if only a potential term 
breaks the shift-symmetries ()3.33p . 

Let us make a brief comment on the appearance of the term dReM^ A *duK This term cor- 
responds to a kinetic mixing between complex structure and brane deformations, and would be 
expected to appear in higher order expansions of the Dirac-Born-Infeld action. In this section 
however it was obtained by simply analyzing the M = 1 characteristic data and the moduli space. 

3.4 Gauge coupling functions and kinetic mixing for finite deformations 

Having discussed the kinetic terms for the scalars in the M = 1 effective theory we will now turn 
to an analysis of the kinetic terms for the U{1) vectors fields. We have shown in section [2] in the 
case one focuses on harmonic modes in the reduction that the spectrum contains a D6-brane U{1) 
vector A as well as h^^'^^ bulk U{1) vectors A°'. The leading gauge coupling function for the brane 
U{1) was derived in section [23] and given by 

A = / (2 Re{Cn) + iCs) = SkN'^ - 6^t;^ , (3.36) 

JLo 

where 6k = and 5^ = f^^ fi^. However, as we have discussed in section [3^31 the inclusion of 

the open moduli forces us to introduce the modified complex coordinates , T\ given in (|3.25p . 
In order to obtain a holomorphic gauge coupling function it is expected that ()3.36p is modified to 

/ = ^ATfc _ s^Tx . (3.37) 

The modifications in (|3.37p did not appear in our leading order dimensional reduction, but are 
expected to arise a higher order in the brane deformations. As we will see shortly open moduli 
corrections to f\ are also obtained after a careful treatment of the two dual bulk gauge fields A'^ ^ A^^ 
introduced in (I2.54p . Recall that the gauge coupling function for the bulk R-R U{1) vectors is 
simply given by [llj 

fal3 = i j A A UJa t°- = HCalBat" = -iMajS ■ (3.38) 

where Map is the complex matrix already introduced in (|2.70p . Clearly, fa/3 is holomorphic in the 
complex fields t"". Since the are not corrected by the open moduli one expects the result ()3.38p 
to remain valid also in the leading order reduction with a D6-brane. We will show in the following 
that this is indeed the case. More interestingly, we find that there are further corrections depending 
on the open moduli and D6-brane fluxes which induce a kinetic mixing of the brane and bulk U{1) 
gauge fields. 

Let us now turn to a more careful analysis of the gauge coupling functions including the brane 
moduli. In order to do that we summarize the action for all vector fields including the dual A\ 
introduced in (j2.54p . The mixing terms proportional to dA" A F and dAa A F have appeared 
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in in the reduction of the Chern-Simons action in (j2.77p . The brane couphngs have to be taken 
into account when ehminating in favor of vl" by using vector- vector duahty in four dimensions 
as enforced by (|2.3p . A detailed calculation can be found in appendix [C] which uses a procedure 
similar to the one of ref. |21] . Here we just present the results. The action obtained after a careful 
elimination of Ax is 

Siil =- J ^RefadA" A*F + ^Imf^dA" AF + iJmAA^^d^" A *dA^ 
+ ^ReMafidA'^ A dAf^ + ^Re/cor F A*F+ ^Imf^orF A F 

where the gauge coupling function fa encoding the kinetic mixing between bulk and brane C/(l)'s 
is given by 

/„ = -i^iM^^jP + ia^Aja + ^r,) , (3.39) 
and the corrected gauge coupling function /cor for the brane U{1) is 

/cor = /r + ^iMa^J"" + ia'A^^ + iT^) . (3.40) 

The coefficient functions are given by J'°' = J^^ w", Aja = Jj^^^ Oj A Wq, and = J^^ uja A /dg as 
introduced in section [2l Recall that Aja is independent of the moduli, while J'^ , Fq, depend on the 
brane deformations through the chain C4. 

To study the holomorphicity properties of the gauge couplings we discuss fa and /cor in turn. 
One notes that the first term in ()3.39p can be rewritten as 

iMa^J" = [ iMapCj"^ = I {J -iB) Auii = ui Aju , (3.41) 

where we have used (I3.2ip to obtain the factor u^. Using this expression it is straightforward to 
rewrite the gauge coupling fa in the absence of brane fluxes as 

fa = -4C^A,-^ , (3.42) 

which is clearly holomorphic on the open moduli = ""c + would be interesting to extend 

these arguments to include the D6-brane flux /oe- 

Let us now turn to the analysis of the corrected gauge coupling function /cor of the brane U{1). 
Using ()3.40p and (|3.39p one sees that it can be written as 

/cor = /r - faJ" , (3.43) 

the additional term is at least of second order in the open moduli. One notes that the real part of 

/cor 

is given by 

Re/cor = Re/r + AlmNa^J'^J^ = Re/r + RefaRef'^Ref^ , (3.44) 
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which can be inferred from (j3.39p and (j3.43p . This resuh generahzes to the space of infinite defor- 
mations by replacing /r with frij, and fa with fai- The expressions for these are straightforward 
generalizations of (|3.39p - (|3.44p with the abbreviations introduced in section I2.4[ Hence, the real 
part of the gauge coupling function takes the form 

Rei=( ^""^''^ + Ref^iReP^Refsj Re//« \ 
V Re/j/3 Re/o^ J ' 

and can be easily inverted. This result will be important in section HI when we compute the scalar 
potential coming from D-terms since it involved the inverse (Ref)~^. 

Let us close this section by making some general remarks about the holomorphicity of the 
gauge coupling function /cor in (I3.43P . In order to do that, one has express it in terms of the 
M = I coordinates ^Tx^t"" and However, recall from ()3.25p that also the A^'^ and T\ receive 
corrections by the open deformations. In fact, we r/-expand 

Re{N''-N"')5k-Re{n-T'y)8^ = uH-\ I a,Ar?j/3^ / a^+i / a^Ar]Mx [ f3^)+... , (3.46) 

^ JLo JLo JLo JLo ' 

where we have used ()3.20p and (I3.27p . To compare this result, we also ry-expand (I3.43|) to find 

Re/cor - Re/r = 4u^ / OiAuja r]ju°' + ... . (3.47) 
J Lq J Lo 

This indicates that the result for /cor cannot be complete. In particular, it is conceivable that a 
contribution from the two-forms UJa is missing which arises at higher order in the Kaluza-Klein 
reduction. This is similar to what was found in [21^ [22] for D7- and D5-branes on the type IIB 
side. It would be interesting to complete this computation to higher order and determine the 
fully corrected gauge coupling function. For example, one loop corrections for the gauge-coupling 
function were calculated for orbifold models in 



4 General deformations and the D- and F-term potential 

In the previous section we considered D6-branes with a finite number of deformations arising from 
the expansion into harmonic forms on the brane world-volume. Using harmonic modes one infers 
that the scalar potential ()2.44p vanishes. A non-vanishing potential precisely arises for deforma- 
tions which violate the supersymmetry conditions that the three-cycle is special Lagrangian. In 
this section we include such deformations into the discussion and analyze the J\f = I encoding the 
geometry on the infinite field space. We discuss the Kahler potential and show that the scalar po- 
tential ()2.44p indeed arises from a D-term, induced by a gauging, and a holomorphic superpotential. 
In order to do that we will keep the background geometry fixed and only consider the variations of 
the brane degrees of freedom. 
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4.1 A local Kahler metric for general deformations of Lq 

In the general reduction performed in section [2^2] we already included a whole tower of normal de- 
formations of Lq as well as the whole tower of Kaluza-Klein modes in Fdq parameterizing variations 
around a background connection Aq. Together, these modes parameterize a neighborhood around 
{Lo,Aq) in an infinite dimensional field-space Vo- We will focus on the neighborhood around a 
super symmetric Lq and mainly be concerned with the local geometrical structure of Vo- In order 
to do that we study the tangent space to Vo at the special Lagrangian Lq with connection ^o- This 
tangent space is identified with 

%o,Ao)Vo = TY\l, ^ NLq e TLq . (4.1) 

In this we can identify the sj introduced in (12.360 as basis of sections of NLq and the sf" = 
9^^\Lo{(^i)n as sections of TLq. Note that in defining the tangent vector s/ we have simply raised 
the tangent index m of the one-form aj introduced in (j2.38p by the inverse of the induced metric 
9mn\Lo- This also means that we can identify 

%o,Ao)Vo = ^\LQ)®n\LQ) , (4.2) 

which is naturally parameterized by the basis vectors Oj and aj introduced in (j2.36p and (j2.38p . 

Using the first identification in (14. ip the tangent space r(Lo,Ao)^o admits a natural symplectic 
form 

^{X,Y) = \e~'f> I J(X,y)|i„volLo . (4.3) 

for X,Y ^ Ty|ig. It was shown in [25] that the two- form ip on Vo is actually closed. The tangent 
space ()4.ip also admits a natural complex structure /, which is the induced complex structure from 
the Calabi-Yau manifold Y . At Lq the complex structure I identifies TLq with NLq such that 
complex tangent vectors in T'(ip^^(j)Vo are given by 

d^i = \{si- ilsi) , d^i = \{si + ilsi) . (4.4) 
Since this complex structure is formally integrable, the manifold Vo is Kahler, with Kahler form 
ip{d^i,d^j) = ^e"*^ / g{si,sj)volLo = iQij , ip{d^i,d^j) = ip{d^i,d^j) = . (4.5) 

Here we have used that J{Isi,sj) = —g{si,sj) and the fact that Lq is Lagrangian such that 
J(s/, sj) = —J{Isj, Isj) = for normal vectors sj to Lq. This implies that Gij is a Kahler metric, 
which is locally the second derivative of a Kahler potential Kq = Ko{z^ , z^). Explicitly this means 
that 

Gu = d,id,jKo = ie-^ [ ejA *9j , (4.6) 

JLo 

with the forms 6j as introduced in (I2.36p . Note that the real part of the complex coordinates 
are the normal vectors r/^. This should be contrasted to the complex coordinates C which were the 
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complexifications of the as discussed in section 13.21 In the appendix |D] we further analyze the 
symmetries of the symplectic form (14. 3p . We argue that the first derivatives of the Kahler potential 
Ko are encoded by moment maps of these symmetries. 

It is interesting to note that there is a natural generalization of the finite-dimensional analysis 
of section 13.21 to the infinite dimensional deformation space. The key will be the use of the four- 
chain C4 which interpolates between Lq and L^. Clearly, the natural generalization of the complex 
coordinates in (I3.23P is 

C' = -i [ {Jc - -^D6) A , (4.7) 

where is the infinite basis of two- forms on Lq which has been trivially extended to the chain C4. 
We have also included the field strength J^dq on C4 which is obtained from the gauge connection 
Ab6 introduced in (|3.22p . A natural proposal for the Kahler potential Kq is given by 



i^o(C + C) = -i / JA/?^/ Im(Cf])Aa/. (4.^ 

' C4 C4 



2 



This can be checked by performing an ?7-expansion around the super symmetric cycle Lq. This 
yields the leading term 

KoiC + = -h [ SLjJA/3^/" SK^lm{Cn) Aai 7]^?]^ + ... (4.9) 
J Lo J Lo 

= \e-'^ [ OlA^' [ *eK A ai r?^??^ + . . . 
J Lo J Lo 

= IOlkV^'v'' + ■■■ 

= \Qlk{C + OH(, + 0'' + ■■■ 

where here we mean by Glk^Qlk the leading order metrics independent of rj. Here we have used 
(j2.18p on Lq to rewrite the contraction Si<-jIm(Cri) into the Hodge-star on Lq. Using (|4.9p one 
sees that (j4.6p is satisfied. Let us stress that in general the evaluation of Kg as a function of 
C,^ + is non-trivial due to the appearance of the chain C4 in both integrals of (|4.8p . It would 
be very interesting the compute Kq explicitly for specific orientifold examples, generalizing the 
superpotential computations of [Ml EZl [381 ES] • 



4.2 The superpotential and D-terms 

Having discussed the Kahler potential determining the kinetic terms, we will now examine the 
scalar potential in more detail. More precisely, we will work in a fixed background geometry by 
fixing Kahler and complex structure deformations and focus on the leading scalar potential Vdbi 
given in (|2.44p . We will show that Vdbi splits into an F-term and a D-term piece as 

VbBI = ^F + ^D, (4.10) 
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with 
and 



Vd = ^ I d*a, A *d*er, (4.11) 

Lo 



= / A + {F-B2- de^) A *(F - ^2 - dO^) . (4.12) 

We will show momentarily that Vp = d^iW d^jW can be obtained from a superpotential W 

and the metric determined from Kq using only the open string degrees of freedom. 

To specify W we aim to define a functional which picks out deformations r] such that is a 
Lagrangian submanifold J\l,-i =0. In section [23] we defined a chain C4 with boundaries and Lq. 
Recall also that we extended the gauge field from Lq to C4 as in (j3.22p , such that the extension 
-^D6 = d-^De satisfies 

-^dbIlo = /d6 ) ^m\Lr, = /d6 + cJ d&i . (4.13) 

In the following we will again set again the D-brane fiux /d6 to zero. One next identifies the 
superpotential functional 

W = I iJc-^De)/\{Jc-^D6) (4.14) 

depending on the open string data as well as the complexified Kahler form ()2.6p . This is an 
extension of the functional introduced in ref. pl| , since we have included the B-field through the 
complex two- form Jc- Note that a superpotential of this form has been already discussed in 



Let us briefiy study the holomorphicity properties of W. Clearly, W is holomorphic with respect 
to variations of the complexified Kahler form Jc parameterized by the scalars in (j2.6p . However, 
note that one first has to express as a function of the open fields = u^^ + ia^ introduced in ()4.7p . 
To check that it is a holomorphic section in the we show that d^iW = {d^i + id^i)W = 0. 
The derivative with respect to Wilson lines is 

d^iW = 2 [ (Je - Jbe) A a/ = 2 / ( - Jbe) A a/ + 2 / d{r]^J, - a'^aj) A a/ + . . . (4.15) 
JLr, JLo Jlo 

To evaluate the derivative with respect to we expand the chain integral around the special 
Lagrangian cycle Lq in terms of the deformations 



W = 2 rjjJc A {Jc - F) + / r/jJc A£^Jc + ... (4.16) 
J Lq J Lo 

= 2 / (?7jJc) A {Jc - Jbe) + / V^Jc A d{r]jJc + 2 a^ai) + ... 
JLo JLo 

Recalling rjjJc = 6^ + i6>f^ = iu^^aj + ... one sees that by comparing (|4.15p with d^iW obtained 
from (14.16P that the superpotential is holomorphic in (^^ = + ia^ . 
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It is now straightforward to determine the F-term potential using the expression (j4.16p . The 
real part of the derivative of (I4.16P is given by 



Redi^iW = 2 / cie.^ A ai . (4.17) 
Jlo 

Note that dOrj is a 2- form in Lq and therefore can be expanded in the infinite basis *ai as dOrj = c^*ai 
The coefficients can be obtained by taking on both sides the wedge product with aj and integrate 
on Lq. Inverting this relation for and taking the Hodge star one finds 

* dOr, = \e"t'ai Q^^ [ aj A dOr, . (4.18) 

We proceed analogously with the imaginary part Im d^-iW obtained from (I4.16P and expand the 
two- form [B — F + dO^) in the *a/ basis. The F-term potential is thus given by 

■ / dOri A Oil Q^'^ I aj A dOri 
+^ / iB-F + dO^) AaiG'-n ajA{B-F + dO^) 

Jlo Jlo 

= ^e^^ 1 de^A*de^ + {B-F + d9^)A*{B-F + de^) (4.19) 

J Lo 

which agrees with the result ()4.12p obtained from dimensional reduction, and reduces to the result 
of McLean [18] in the limit of vanishing B field. As expected, the condition for vanishing of the 
potential and therefore to preserve supersymmetry is the closedness of 6r^ and 6^, as well as the 
condition {B - F)\lo = 0. 

Finally, we also compute the D-term potential in ()4.1ip induced by the gaugings of the scalars 
in (j2.4ip and (^'^,^a) in (12.66p . More precisely, these scalars are charged under the gauge 
transformations ^ + dA^ of the U{1) vectors A^ as 



g2D 
.2D 



d^ d^ 



A' , iCMx) ^ (e' - <5f A^Ia - SxiA') (4.20) 



The potential arising from D-terms can be calculated by 

Vd = ^Ref^^'DADB , dADi = K^eXF , (4.21) 

where are the Killing symmetries appearing in the covariant derivative Z?^^ = d^^ + XjA^. 
Explicitly they take the form 

= 1 hi(3^ + 1 dhiA(3^, Xix = [ hiax + [ dhj A ax . (4.22) 
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The leading inverse gauge coupling function is simply 



-1 



{Ref-'y = \^J^ hihj2Re{Cn)j . (4.23) 

Integrating (|4.21|) we obtain the D-terms 

Di = -2e^^[j hilmCn+ I dhj Mm Cn] . (4.24) 
\Jlo JCi J 

We can expand the chain along an infinite set of brane deformations and obtain 

Di = -26^^ / hilmCVL - 2e2^ / /i/d(r/jImCl^) + . . . , (4.25) 

where we have used that the functions hj are translated constantly along the chain. Now we repeat 
a similar calculation as for the F-term, by expanding the three forms into *hj and noticing that on 
the Lq cycle f hj * hi = e"^ f /ij/i/2Re(Cri) = e'^Re/r/j. The potential is then, 

g30 r 

Vd = ^ 4 ImCn A *lmCn + 4 ImCn A*d*e + d*eA*d*e. (4.26) 
V Jlo 

From the condition ImCTilig = only the last term survives, yielding the remaining term ob- 
tained from dimensional reduction. The vanishing of the D-term potential, which is necessary in a 
supersymmetric vacuum, happens when the two-form is closed. 



5 Mirror Symmetry with D-branes 

In this final section we relate the Type IIA J\f = 1 characteristic data found in the previous sections 
with the data for Type IIB orientifolds with space-time filling D3-, D5- and D7-branes. In order to 
do that, we first review some basics of Type IIB orientifolds following [IjJ. To define the orientifold 
set-up starting with Type IIB string theory compactified on a Calabi-Yau manifold Y, one acts 
with a discrete involutive symmetry O containing worldsheet parity 0,p. In Type IIB one still is 
left with two options of constructing such an involution. These correspond to the situations with 
03/07 or 05/09 orientifold planes: 

01 = npaB{-f^ , ^*B^ = , 03/07 , 

02 = npas , (j%n = n , 05/09 . 

Here ctb is a holomorphic (instead of antiholomorphic, as in the Type IIA case) involutive symmetry 
cr^ = 1 of the Calabi-Yau target space, and Fl is the space-time fermion number in the left-moving 
sector. The subspace of fields which are invariant under the orientifold projection has to satisfy 

03/07 05/09 
= a%Co = Co, a%Co = -Co, (5.2) 

0"b-B2 = -B2 , 



a%Co = 


Co , 


a^Co = 


-Co 


cr%C2 = 


-C2 , 


0'%C2 = 


C2 


(J*BCi = 


Ca , 


ct*bCa = 


-O4 
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where the first column is identical for both involutions cr_B in (jS.ip . The involution allows us to 
separate the cohomologies into even and odd eigenspaces 

Let us focus on the closed string sector for the moment. Locally the truncated moduli space of 
Type IIB orientifolds can then be written as a direct product 

M^xM^ . (5.3) 

Here is a Kahler manifold and spanned by the dilaton, the Kahler structure deformations, 
the NS-NS B-field and the R-R scalars. is a special Kahler manifold spanned by the complex 
structure deformations of Y respecting the constraints ()5.ip . In contrast, recall that in Type IIA 
■M^ is spanned by the dilaton, the complex structure deformations and the R-R scalars, while 
is spanned by the Kahler deformations and the NS-NS B-field. The Type IIB effective theory 
also contains h\_' {h_ ) vector multiplets for orientifolds with 03/07(05/09) planes, whereas 
in Type IIA one as /i^'^^ vector multiplets. The number of multiplets from the closed string sector 
is shown in Table [5?T1 



multiplets 


IIAy 06 


IIB^ 03/07 


UBy 05/09 


vector multiplets 








chiral multiplets in 








chiral multiplets in 


+ 1 


/i(i'i) + 1 


/i(i'i) + 1 



Table 5.1: Number of = 1 multiplets of orientifold compactifications. 



Applying mirror symmetry to this Af = 1 set-up one expects that the space of type IIB 
should be identified with the -M^ moduli space of the mirror IIA, and similarly with A^^. 
Requiring Y to be the mirror manifold of Y, the mirror map between the moduli spaces implies 
that for the different orientifold setups 

03/07 : h'L'^\Y) = ^L^'^^(y) , h':l'^\Y) = h'^^'^\Y) , 

05/09 : h^l'^\Y) = hf^\Y) , h^l'^\Y) = h^^'^\Y) , (5.4) 

as well as h^'^'^\Y) = h^^'^\Y) for both set-ups. The mirror mapping for closed moduli is discussed 
in more detail in [llj, and will be briefly recalled below. 

In the following we want to extend the mirror identification to include the leading corrections 
due to the space-time filling D-branes. As we have seen, at leading order the moduli space A4^ 
remains unchanged after the inclusion of open string moduli. This is also true for A^§ on the 
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Type IIB side. In section [3] we have shown that the open string moduh space of the D6-branes is 
fibered over the closed string moduH space M^. The mirror equivalent of this statement has been 
estabhshed in [H [2ll [22] for and the moduh space of D3-, D5- or D7-branes. In the reminder 
of this section we will therefore focus on the discussion of the and establish the mirror map 
including the open degrees of freedom. 

5.1 Mirror of 03/07 orientifolds 

The moduli space A^*^ is obtained from the four-dimensional scalar parts of the fields J, .62,(^2, 
C4. To make this more precise, we expand 

B2 = b^^uk, C2 = c''oJk, k = l,...,h^y\Y) , (5.5) 
J = v^cox, C4 = pxu\ X = l,...,h^^''\Y) . 

The complex coordinates and the Kahler potential which encode the local geometry of are pT] 

T = Co+ ie-^B , = c^ - Th^ , (5.6) 

= e--^^ llCxpaV^v'^ + ipx - il^xkih^'G' , 



and 

K{t,G^Xx) = -2 In 



g-2<^s / JAJAJ 
Y 



ln(e^^^) . (5.7) 



Here Db is the redefined four-dimensional dilaton. The Kahler potential has to be evaluated as 
a function of the moduli T,G^,Ti^ by solving (15. 6p for v°',(f)B and inserting the result into ()5.7p . 



The coefficients KLxbc are the intersection numbers of the basis uix of h]^^{Y) and u)a of -?/i'^(y), 
^Afec = / f^A A A uJc- Note that the above scalar fields can be also obtained from the expansion 

- Re + i ^ e-^ A Gin = ir + iG^uJk + T'^^oj^ , (5.8) 

n 

which has to be evaluated by matching the parts of different form degrees on both sides. Here we 
have introduced the even form 

$ev ^ g-<ABg-B2+iJ (5 9) 

following the notation of |13| . 



Let us now recall the mirror map to the Type IIA coordinates without inclusion of the open 
string degrees of freedom. The M = 1 coordinates {N'^,T'^) have been introduced in (j2.8p . Note 
that on a Calabi-Yau manifold we can use the rescaling invariance of Q to fix one of the to 
be constant. At large complex structure there is a special real symplectic basis of H'^iY) which 
is distinguished by the logarithmic behavior of the solutions in the complex structure moduli of 
Y. In particular, this fixes a pair {ao,f3^), by demanding that X^, the fundamental period, has no 
logarithmic singularity. One can use the rescaling of to set the oq period to a constant. Note that 
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in the orientifold background i?^(y) splits into and H"^. The component chosen to eUminate 
the rescaUng property of 0, can be either in the positive or negative eigenspace of the orientifold 
projection. We will see momentarily these choices will correspond to different orientifold set-ups 
on the Type IIB side. 

For the 03/07 case we fix the component X^aQ in if^(y). We define then the special coordi- 
nates q and the scaling parameter gA_ as 

'=B^' '^=RiC^' SA=2ReCXr (5.10) 

Recall that in the underlying N = 2 theory, the periods of are determined by a holomorphic 
pre-potential J-{X). Due to the homogeneity property of J- we can define a rescaled function / as 

F{2CX) = i{2ReCX^ ff{q\ q^) (5.11) 

such that can be written as 

2Cn = g-/ [lao + g^a^ + iq^^ax - fxf3^ - i{2f - q^'fk - ^Va)/?" - , (5.12) 

where {fx,fk) are the derivatives of / with respect to {q'^^q^)- The coordinates {N'^,T^) become 
in terms of these special coordinates 

= g-/ + if N'^ = gj'q' + = 9a fx + iix ■ (5.13) 

In order to provide complete match with the Type IIB side we need an explicit expression for 
fx at the large complex structure limit of the Calabi-Yau manifold Y. The results will then be 
identified with the large volume results of Type IIB. In this limit the N = 2 pre-potential is given 
by 

1 

F{X) = -KijK ^0 ■ (5-14) 
Therefore, inserting the orientifold constraints and switching to special coordinates we find 

f{q) = -^Kx^^pq^q' + k'^XkiqVq' , (5-15) 

such that one can readily evaluate the using (j5.13p . Now it is straightforward to relate the 
Type IIA coordinates with the ones from the Type IIB side 

i-iT, -iG'') o {N'°,N"') and - o T^^ , (5.16) 

with the matching of the cohomologies for the pair of mirror Calabi-Yau manifolds given in Table 
15. 2[ In terms of the string moduli, the above relations translate into 

92' = e-^"" , q' = -b' , q' = v\ (5.17) 

^0 = -Co , t = -c"" + Co5^ , 6 = -Px + \^xkic%' - ]^ColCxkibH' . 
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H<=vcn(^Y) 


ao G HliY) 


1 


at G HliY) 


cok G i^^(l^) 


ax G H^{Y) 


G HliY) 






G HliY) 


G (y) 


^0 g Hl(Y) 





Table 5.2: The mirror mapping from the basis of H^iY) to the basis of even cohomologies of the 
mirror Calabi-Yau Y in 03/07 orientifold setups. 

Inclusion of D3 brane moduli 

In the discussion of mirror symmetry with D-branes we first consider the setup with spacetime 
filhng D3 branes. The M = 1 characteristic data were analyzed in [19j. The brane is a point 
in the internal space Y, such that the brane deformations rj are described by six scalar fields (j)^ 
corresponding to the possible movements in Y. These fields naturally combine into complex fields 
(ff' with i,j = 1,2,3 if one uses the inherited complex structure of the Calabi-Yau manifold. 
Clearly, there are no Wilson line moduli for D3-branes since there is no internal one-cycle on the 
brane. It turns out that, up to second order in the fields, only the coordinates T^^ are corrected 
by the open moduli [TU] 

Re rf = Re Tf + iiujx)ij{M ^V" , (5.18) 

where the two-form iujx)ij has to be evaluated at the point 0o around which the D3-brane fluctuates. 
More generally, it was argued in ref. [l6] that the D3-brane correction to Tq can be expressed 
through the Kahler potential Ky for the Calabi-Yau metric as 

ReTf = ReTj;^ - 9^a%((Ao + </>) , (5.19) 

where are the Kahler moduli introduced in ()5.5p . To obtain (|5.18p one expands Ky around the 
point (pQ as 

Kyi(t>o + ^) = K'y + 2Re[(%)0<A*] + Re[(%)0.</.V] + (%)°/'A'' + ■ ■ ■ , (5-20) 

where K^, and (Xy)?, (ii'y)?-, (Xy)^^ are the Kahler potential and its (^^-derivatives evaluated 
at (pQ. Since the coefficients are constant, the first three terms in ()5.20p can be absorbed by a 
holomorphic redefinition into a new . Clearly, this does not change the complex structure on 
the J\f = 1 moduli space. Using (Ky)?^ = —iJij = —iv^iijJx)iji(t^o) one then recovers (|5.18p . 

Let us now turn to the discussion of mirror symmetry. We aim to match the corrected coordi- 
nates as well as the un-corrected and r with the Type IIA side. This implies that we must 
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have up to quadratic order in the brane moduh that 

-2dyx{e^''^Ko) = d,,Ky{cPo + ^) = -i{ujx)i]^'4^ (5.21) 

where the = indicates that one has to apply the transformation which identifies ()5.19p and (j5.18p . 
Using the fact that = —e'^^^e~'^^v^, as inferred from (j5.12p . the identification (|5.2ip imphes 

Ko((/.,0) = ie-*^% . (5.22) 

The number of open moduh must coincide, so the number of brane deformations on the Type IIB 
must equal the number of brane and Wilson line moduli on the Type IIA side. Since this number 
is given by the number of non-trivial one-cycles in Lq, we must have &^(Lo) = 3. However, recall 
that the open moduli space in Type IIA has shift symmetries, Im^* — t- Im^* + c*, for constants c*. 
These are not manifested in the Type IIB side for a general Ky, since the Calabi-Yau metric has 
no continuous symmetries. As we recall below, this can be attributed to the fact that instanton 
contributions break these symmetries and are not included in this leading order identification. 

Before commenting on the corrections to the mirror construction let us make contact to the 
chain integral form of the Kahler potential as given in (j4.8p . For a D3-brane we simply have to 
introduce a one-chain Ci which starts at (po and ends at the point in Y to which the D3-brane has 
moved. We also introduce a basis of complex normal vectors Si to the point (po and dual (1, 0)-forms 

such that 

s.jsj^) = 6i . (5.23) 

Note that the index i,j are counting here the number of such normal vectors. In case we only 
include the massless modes, one has i, j = 1, . . . ,3. The complex structure of Sj and s*^^^ is induced 
by the complex structure of Y, and hence depends on the complex structure moduli. In fact one can 
use the no- where vanishing (3, 0)-form Q onY and introduce a bi- vector such that = P_iil.. 
To propose a form for Ko one trivially extended Sj, to the chain Ci and writes 

Ko = {e-^B [ SijJ [ s'M + c.c. . (5.24) 
Jci Jci 

This form of Kq is very suggestive and yields upon expanding the chain integral the desired leading 
order expression ()5.18p . Moreover, we will see in the following that a generalization of this Ko also 
arises for D7-brane, and one can generally write in 03/07 orientifolds for the deformations of a 
D{p + 3)-brane 

i^rf f = { I s/jlm$^^ / f ■n + c.c. . (5.25) 

where has been introduced in (|5.9p . and Cp+i is a (p+ l)-chain which ends on the internal parts 
of the D-branes and its reference cycle. Moreover, sj is an appropriate basis of complex normal 
vectors and s"^ are their duals as we discuss below. 
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Before giving a more careful treatment of the other D-brane configurations let us first comment 
on a more intuitive understanding of mirror symmetry which we will apply below. It was argued by 
Strominger, Yau and Zaslow [27] that the Calabi-Yau manifold Y can be viewed as a three-torus 
fibration with singular fibers. This manifold can be endowed with a semi-flat metric. In a local 
patch avoiding possible singular points the metric of the Calabi-Yau manifold can be written as 

ds'^ = gab{u)du"-dv!' + 2gia{u)da'du"- + gij{u)da'dd^ , i,a = 1,2,3 , (5.26) 

where a* are the coordinates on the fiber and it" of the base. Since the coefficient functions 
in (I5.26P are independent of a* the shift symmetry is now manifest. In fact, introducing complex 
coordinates as in the Type IIA setting a Kahler metric in ()5.26p can be obtained from a Kahler 
potential Kyiu) which is independent of a*. The argument for the existence of such a T'^-fibration 
with a metric of the form ()5.26p away from singularities proceeds precisely via mirror symmetry of 
a pointlike D-brane on Y which is mapped to a D-brane which wraps a three-torus j27j . Having 
found a T^-fibration in the Type IIB set-up one can equally use T-duality along all T^-directions 
to analyze the setting. Since T-duality exchanges Neumann and Dirichlet boundary conditions, it 
exchanges the dimensionality of the brane for each wrapped cycle that is T-dualized. Starting with 
a D3-brane on such a fibered Calabi-Yau manifold, T-duality on the fiber will turn the brane into 
a D6-brane wrapping the T^-fiber. The D6-brane then has 6^(-Lo) = 3 deformation moduli in the 
direction of the base, and there are also 6^(Lo) = 3 Wilson line moduli will be along the torus. 

In the following it will be more important that we can use the SYZ-picture also for D7- and 
D5-branes present in a Type IIB reduction. Clearly, both types of branes will map to D6-branes 
under mirror symmetry. Away from the singular fibers one can obtain a clearer picture of the 
wrappings of the D6-branes as indicated in Table [5^ 
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Table 5.3: It is summarized how mirror symmetry acts on different brane configurations. The 
table shows the six dimensions of the Calabi-Yau manifold, split into base and fiber, x indicate 
the directions wrapped by each brane. Mirror symmetry acts as T-duality on all directions of the 
r^-fiber. It exchanges Dirichlet and Neumann boundary conditions, while it does not act on the 
base. Different wrappings of a D6-brane correspond to different branes in the Type IIB side. 
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Inclusion of D7 brane moduli 



Let us now discuss mirror symmetry for the D7-brane case. The effective action for a pair of 
moving D7-branes was computed in [21]. In this setup, the brane wraps a four-cycle S^^^ while its 
orientifold image wraps a non-intersecting S'^^^ One can view the whole configuration as a single 
D7-brane wrapping a divisor 5+ = S^^^ + S^'^\ Brane deformations and Wilson line moduli can be 
expanded in terms of 

X = X^'sA + X^SA, A = l,...,h'-^'''\S+), (5.27) 
a = a'ji + a'^j I = 1, . . . ,h^^'^\s+) , 

where sa and 7/ are complex normal vectors to S^^^ and (0, l)-forms on S^^\ respectively. The 
complex type of sa and 7/ is induced by the complex structure of Y. Moreover, one can use the 
holomorphic (3, 0)-form (7 on y to map the sa to (2,0)-forms Sa = sa^^ on S^^\ The four- 
dimensional fields are thus the h^^''^^ + /i^'"^ complex scalars and a^, respectively. 

Including the open string degrees of freedom, the chiral coordinates {T,Ga,T^^) are shifted to 

m 

S = T + £^^xV, G'= = c'=-r6\ (5.28) 

Tf = y-'t'^JCxp^v^v'^ + ipx - i^lCxkib'^G' + iC^ij-a'a^' . 

The coupling functions >C^^ and C^jj for the basis of brane deformations and Wilson line moduli 
on the four-cycle are given by 

SaASb r 
^AB= r r^.r. ^ ^XIJ = U^xAllAjj. (5.29) 



Since the closed moduli are the same, we proceed in the same way as we did for the closed and 
the D3-brane cases, identifying the coordinates as (j5.16p . Analogously to the D3- brane case, we 
expand up to second order in the open moduli and match both theories by 

dy,{e^''^Gi,)u'u^ ^ iC^ija'a^ , dv,{e^''^Gij)u}u^ ^ H^abX^X^ , dv,{e^''^Gij)u'u^ ^ , 

(5.30) 

where we have indicated that as in the D3-brane case one will need to make the shift symmetry 
manifest before finding complete match. Crucially one has to split the Type IIA coordinates into 
two sets and ("^ and identify 

C' = a' , C^^x^ ■ (5.31) 

One notes that Wilson line moduli and brane deformations do not mix on the Type IIB side which 
seems to be in contrast to the general form on the Type IIA side. We will argue later how this 
splitting can be understood from the SYZ-picture of mirror symmetry. 
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As already suggested in (j5.25p one expects that the open corrections to the M = 1 coordinates 
can again be given in terms of chain integrals. Let us first give the expression for Kq which encodes 
upon differentiation with respect to V'^,VQ,Vk the the corrections in Tx, , . Explicitly, we 
propose 

Ko = \ [ jIm A J7 + i /" J-D7 A 7/ A Im$"" / ^"07 A ^ + c.c. , (5.32) 

where is given in (|5.9p . Here we have used a five-chain C5 ending on the D7-brane and a reference 
four-cycles S^. Note that similar to the D6-brane case we have to introduce a dual basis sa and 
s^. To do that we use the fact that no-where vanishing (3, 0)-form O provides an identification 

n : NS+ TSl_ A TS^ , (5.33) 

of normal vectors with two- forms of 5+. Hence, in the Type HB setting we adopt this basis to 
the complex structure by demanding that sa is a complex normal vector in H^{NS-^^) and is 
a (2,0)-form in H^'^\s^) on S^. Similarly, 7/ is a (0, l)-form as introduced above and 7'' is a 
(1, 2)-form in H^''^\s^). These forms are defined to be dual and hence satisfy 

[ s^A (sbM) = 6^, [ jjAjJ = 6^ . (5.34) 

Jsl Jsl 

As in the D6-brane case we have to extend these forms to the chain. It is interesting to note that the 
expression (j5.32p indeed reproduces the leading order corrections after differentiating with respect 
to V\Vo,Vk. 

5.2 Mirror symmetry for 05-orientifolds and D5-branes 

Let us now discuss the second Type HB set-up which is obtained by an involution with 05-planes 
as fix-point set. The bulk Af = 1 coordinates of the moduli space A^^ are given as functions of the 
zero-modes in the expansion 

J = /wfc, C2 = C2 + c'' ojk , k = l,...,h^_i'^\Y) , (5.35) 
B2 = b^iox, C4 = pxi;j\ A = l,...,/iL'''^(y) . 

Note the difference that we have used forms of different cr-parity in the expansion for the R-R-fields, 
C2 and C4 as required for the second orientifold projection in (j5.2p . While Cq has been projected 
out C2 now contains a four-dimensional two- form C2(x) which together with the dilaton (pB form 
the bosonic content of a linear multiplet. However, C2 can be dualized to a scalar field h and form 
with (j)B a chiral multiplet. The J\f = 1 coordinates which span are thus the h^^'^^ + 1 complex 
fields 

t'k ^ ^-<f>Byk _ -^k ^ ^ ICxpkb^t'' + ipx , (5.36) 

S = e-'^^V + ih-^pxb^-^Pxb^, 
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Formally the Kahler potential is the same as in the 03/07-case given in (j5.7p . However, it now has 
to be evaluated as a function of the coordinates t'^,P\ and S by using there explicit form ()5.36p . 
Similar to (jS.Sp we can write 

- Im + i ^ ^ ^ -t'^Uk + Paw^ + Swoly. (5.37) 

n 

Let us turn to the discussion of the mirror Type IIA side to this construction. As explained above 
the second set-up with 05-planes is obtained by choosing the three-form uq for the fundamental 
period to lie in the negative eigenspace H^{Y). Again we will perform a rescaling of O setting 
the coefficient of oq to be constant. The special coordinates are then given by 

,i' = 2ImCX«, ,' = 5^, ^ = J^- (5.38) 

Now the rescaled prepotential / is given by T{2CX) = -i{2lxnCX^ ff{q'',q^). This allows us to 
rewrite Cfi in the rescaled coordinates as 

2Cn = g-/ [q^ak + iao + iq^ax + /a/?^ - (-2/ + g^fc + 'zVa)/?" + ifkP''] • (5.39) 

Moreover, we can use the special coordinates to write {N"' ,T^,Tq"^) as 

= gj\' + ie = 9aH-V + q'fx + q'fk) + iio T'x^ = -9a' h + ^^A • (5.40) 

With / in the large complex structure limit 

f{q) = l^rnq'^q^q"' - \^^l^.pq'q^q' ■ (5.41) 

this allows us to write 

^0^ = a'A {l^kimq'q'q"^ - l^>.Xkq^qV) + i^o , = g^^K^^kq^q'^ + i^A • (5.42) 

The mirror mapping is then realized by 

t'k ^ n"' and (5, Pa) ^ (^o^,?!^) ■ (5.43) 

In terms of the Kaluza- Klein modes this amounts to the identification of the closed moduli 

£,-1 = e-'^s ^ q^ = v'' , q^ = b^ , (5.44) 

io = h- pxb^ + ^ICixJb^b^ , e = -c'' , ix = Px - ICxnic'b^ • 

The identification of the basis elements on the Type IIA and Type IIB side is given in Table 15. 4i 
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1 


at G Hl{Y) 


cok G 


ax G H^_iY) 






oj^ G 


G Hl{Y) 


G Hi{Y) 


^0 G i?^(y) 





Table 5.4: The mirror mapping from the basis of {{"^(Y) to the basis of even cohomologies of the 
mirror Calabi-Yau Y in 05/09 orientifold setups. 

Inclusion of D5 brane moduli 

We now consider a pair of D5-branes on curves S*^^^ and S*^^) which are interchanged under the 
orientifold involution. We call the positive union of and by S+ = S^^) + Again 
we view this as a single D5-brane on the quotient space. The open moduli for a single D5-brane, 
corresponding to complex brane deformations x^: ^ = 1, . . . dimi?^^.(A^S+) and Wilson line moduli 
o^, / = 1, . . . , h^^'^^T,^), correct the = 1 coordinates according to p2] 

Px = ICxpkhn'^ + ipx, (5.45) 
S = e-^^V + ih- yxb^ - ^P\b^ + Cjja^a^ . 

Here we have introduce the couplings 

^AB = -^ sa^sbjO^ , Cjj = i jiAjj (5.46) 

The Kahler potential now has to be evaluated as a function of , Px, S as well as the open coordi- 
nates aiid . 

In order to discuss mirror symmetry to the D6-brane set-up we again compare the form of the 
J\f = 1 coordinates. Expanding to second order in the open corrections we find 

(5.47) 

More interestingly, we can also directly compare the open Kahler potential Kq- To do that, we give 
a chain integral expression for the D5-brane case. We introduce a the three-chain C3 ending on a 
reference cycle S^}, and the two-cycle to which the brane has moved. The open Kahler potential 
then takes the form 

Ko = -\ I SAjRe /" • J] - I / J-D5 A 7/ A Re / .Fds A 7^ + c.c. , (5.48) 

JC3 JCi JCs JC-j 
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where is given in (j5.9p . Note that this expression has a similar structure as (j5.32p . However, 
due to the lower dimensionality of the chain the four-form part of Re is picked up in the first 
term of (j5.48p , while the zero- form part of Re contributes in the second term of ()5.48p . In the 
case of a D5-brane the (3, 0)-form Q on Y provides a map 

n : iVS+ NT.+ , (5.49) 

taking two normal vectors to a one- form on S+. This allows us to introduce a basis of //"^(TS*^ 
A'^eIJ.) which is dual to the normal vectors sa- Hence, the • in (j5.48p indicates that the vector part 
of s"^ is inserted, while the form part of s"^ is wedged with fl. We also introduce complex one- forms 
7"^ on T,^ which are dual to the (0, l)-forms 77 used in the expansion determining the complex 
Wilson line scalars . Explicitly, the s'^,7^ have to satisfy on the reference S^J. that 

/ SAJS^ -^ = 5^ , / 7, A 7^ = 5/ , (5.50) 

As in the D6-brane case the basis forms and vectors have to be extended trivially to the chain C3 
to evaluate the open Kahler potential (j5.48p . One can now check that the expansion (|5.48p leads 
upon differentiation with respect to V^, V^, the leading order corrections in (|5.45p . 

5.3 General remarks on the structure of the couphngs 

In this subsection we address the question if there is a simple way to understand the mappings of 
()5.47p . ()5.2ip and (I5.30p using the SYZ-picture of mirror symmetry. For example for D5-branes the 
{dvf,{e^^^Gij),dvi){e'^^^Gij)) correct the coordinates and 5 by brane deformations and Wilson 
line moduli as demanded by the mirror identification (15.47p . In contrast, the coordinates P\ do not 
receive any contributions from open moduli and hence dyx{e'^^^Gij) has to vanish in the D6-brane 
set-up mirror dual to a D5-brane. To analyze this question in the SYZ-picture, first let us look at 
the gauge coupling functions. In the limit of vanishing open string moduli they are given by the 
analogous to the D6-brane gauge coupling function /d6 = ak — Tx /3^, 

/d3 = T , /d5 = t^ I /d7 = Ts [ Co^ , (5.51) 

Je+ Js+ 

where S+(S'+) is the curve(divisor) wrapped by the D5(D7)-brane, and they are obtained from a 
basis of homology by 

= n^' [Sfc] , Sfc G H+{Y) and (5.52) 
[5+]=nA[5^], S^eH+{Y). 

Therefore the forms appearing in (I5.5ip are, in terms of the cohomology basis, = n^Uk and 
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From the four internal dimensions the D7-brane wraps, locally two of them are along the T^- 
fiber and the other two on the base, as seen from table 15.31 The mirror D6-brane, on the other 
hand, wraps one dimension on T^-fiber and two dimensions on the base. It is also inferred from 
the gauge coupling function of the D7-brane (j5.5ip that sits on the brane, therefore having two 
"legs" on the 3- Torus and two on the base. We define thus the notation oj^ : (bbtt), where b and t 
correspond to base and torus components. Table [52] shows that on the Type IIB side is mapped 
on the Type IIA side to /3^. Therefore, from table [5^ since must sit on the mirror D6-brane, it 
should satisfy f^^ : (bbt). fi^ must be dual to a\ on the Calabi-Yau manifold Y, thus a\ : [btt). A 
similar analysis can be done for the D5 and D3-Branes, from where we obtain : (btt), : (bbt), 
/3° : (bbb) and oq : (ttt). 

One can now analyze the open moduli corrections to the M = 1 chiral coordinates from the 
metric derivatives dvoGij^ ^VkGij OyxGij- As a simple example we consider the D3-brane case. 
We can rewrite the corrections in terms of the normal deformations r/* 

^ JLo JLo 

Since the brane wraps the three-torus, both integrands in ()5.53p must be of the form (ttt). The 
normal directions of this D6-brane are all on the base, so rjj/]^ : (bb), making the first integral 
vanish. Therefore there is no correction to = IT coming from dvoGij, as was already seen 
in (j5.2ip . By repeating the analysis to dyxQij and dvf,Gij one shows that only the latter can be 
non-vanishing, and analysing in the same fashion the corrections for the D5 and the D7 cases we 
obtain the same relations as ()5.47p and ()5.30p . 

One can realize then that brane deformations with normal direction r] along one cycle of the 
3-torus on the Type IIA side are mapped to Wilson line moduli along the T-dual cycle on the Type 
IIB side, while brane deformations along the base are mapped to brane deformations on the Type 
IIB side, also along the base. In the opposite direction, brane deformations on the Type IIB side 
along the 3-torus are mapped to Wilson line moduli along the dual cycle on the Type IIA side. 

6 Conclusions 

In this paper we have derived the four-dimensional N = 1 effective action of IIA and IIB Calabi-Yau 
orientifolds including single space-time filling Dp-branes by performing a Kaluza-Klein reduction. In 
particular, we derived the N = 1 characteristic data of the open-closed system for space-time filling 
D6-branes in an Type IIA Calabi-Yau orientifold. In the determination of the Kahler potential K 
we showed that the complex N = 1 open coordinates appear in K only through a redefinition of 
the closed coordinates. K itself can be viewed as a function of real three- and two- forms. In the 
presence of D6-branes these forms have localized corrections with the open coordinates. In addition 
to the kinetic terms of the scalars we have also determined the holomorphic gauge coupling function 
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of the brane and bulk U{1) gauge fields including possible mixed terms. 

We have discussed the M = 1 characteristic data of the orientifold compactifications both for 
a finite as well as for the infinite dimensional case. In a fixed background Calabi-Yau geometry 
a D6-brane on a special Lagrangian cycle Lq has 6^(Lo). The scalar potential vanishes for these 
deformations. Considering a general normal deformation of Lq the superpotential (|4.14|) and D- 
terms (j4.24p are induced. These have been determined explicitly and were shown to be given in 
terms of chain integrals over a four-chain C4 ending on the reference cycle Lq and the deformed 
cycle L^. We also argued that the corrections to the closed string coordinates can be formulated 
as chain integrals. In particular, we introduced a Kahler potential Kq which depends on both open 
and closed deformations and encodes the corrections to the M = I closed coordinates. Kq as given 
in (|4.8p contains two chain integrals involving both the Kahler form J as well as the holomorphic 
three- form luiCO,. When restricting to a finite dimensional deformation space Kq was shown to 
restrict to the Kahler potential introduced by Hitchin on the moduli space of special Lagrangian 
submanifolds with U{1) connection. 

In the last part of the paper we related our Type IIA results to the M = 1 data for Type 
IIB orientifold compactifications with D3-, D5-, or D7-branes by using mirror symmetry. The SYZ 
proposal to view the internal manifold as T'^ fibration, with possibly resolved singular fibers, allowed 
us the match of the M = 1 data for branes and orientifold planes of different dimensionalities with 
the D6/06 set-up. The mirror map has been evaluated in special limits of the closed and open 
moduli space. It will be interesting to extend this analysis to the interior of the open-closed moduli 
space. The general chain integral expressions for the M = 1 coordinates, Kahler potential and 
gauge coupling function might allow to compute quantum corrections using geometric methods on 
one side of the mirror correspondence and applying the mirror map. 

There are various further directions in which our results can be extended. It is well-known that 
D6-branes in Type IIA string theory are obtained from specific geometries, so-called Taub-NUT 
spaces, in an M-theory. More precisely, one expects that the D6/06 compactifications considered 
in this work naturally lift to a compactification of M-theory on a G2 manifold. The J\f = 1 data 
found in this paper will naturally embed into the J\f = 1 data of non-singular G2 reduction found 
in [40 1 BTl I42j . One expects that similar issues as for D7/07 compactifications embedded into 
F-theory arise [17]. Also for the D6/06 compactifications it will be interesting to understand 
the origin of the flux independent Sttickelberg gaugings as it was found in [48] for F-theory set- 
ups. Moreover, it will be interesting to generalize the set-up to intersecting D6-branes including 
the possibility of fundamental matter. This will modify the M = 1 data in both orientifold and 
M-theory compactifications [21 [23] . 

In flux compactifications the backreaction is often so strong that the compactification manifold 
cannot be a Calabi-Yau manifold. This implies that one has to compute the effective action by 
looking at variations around a new non- Calabi-Yau solution. These often can be described using 
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generalized geometry as discussed for = 1 vacua, for example in [351 13 EQ] , and the review |5T] . 
It would be interesting to extend our results to such a generalized setting. Note that formally this is 
rather straightforward by replacing e'^" and Re(Cr2) by general pure spinors in all our expressions. 
However, it will be desirable to show if one still can explicitly compute the M = 1 data by finding 
non-trivial example threefolds which are described by generalized geometric methods and cannot 
be analyzed in either symplectic or complex geometry. 
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Appendices 

A Derivation of the Kahler metric 

Let us now discuss the derivation of the Kahler metric and compare the result with the effective 
action for the D6-brane found by dimensional reduction, (j2.75p and (j2.77p . Firstly, we note that 
the metrics for ReM^ and the pure terms match the result found from the reduction of the 
closed string action, since K^^ = {Gki,G^'^,G^), as described in [llj. We need then to check the 
terms involving open string moduli From the reduction of the action the metrics Qij and Qij are 



V - 




Qij 



'^3 - 



(A.l) 



where, recalling equations ()3.11|) and ()2.16p . 



= -2e'f'samiCn)\Lo • 



9i = Sijjlig , 
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The coefficients fiij and A;^ are calculated to be 



e'^'/^ii = ^ /_ «^ A sj4V^a^ + V^P'') , = j A SijJ , (A.2) 



L J L 



also making use of the relations J a.i /\ {3^ = 5l . To leading order, the V derivatives of ^ij are 

^ '2D,. ^ 1 /" ~ , „ „ ^ /„2Z)., \ ^ f ~ . „ ok 



DyA(^ l^ij)=2^iAsjMx, -gy{e Hij) = - aiAsj^P , (A.3) 

On the other hand, is independent of {V'^,Vk), at least for leading order complex structure 
deformations. This implies using (j3.34p . (j3.2ip and (jA.ip that 

which is in accord with the result (j2.75p found from dimensional reduction. The derivatives of the 
metric with respect to (F'^, Vfc) are given explicitly by (for first order deformations) 

(A.5) 

The derivatives of the metric Gij are, in turn, 

dv^ie^'^Gij) = ^ j^aiAsM j^P^Asj^J , dv,{e^^Qij) = ^ j^m As^JP^ j^P^ ASj^J . (A.6) 

To also check the mixing terms of the Wilson lines a* with the scalars we expand 

^ = i/^ijIfixV + ■■■ , (A.7) 

to lowest order in the ry*. This yields the lowest order expression for evaluated to be 

i^J = if , ^ = ±a , (A.8) 
where were used equations ()2.6ip and ()2.62p 

if = / Oi A ryj/?^ + . . . , ±ix= I a^A 7]jax + ... . (A.9) 
Jl J l 

B Supergravity with several linear multiplets 

In this appendix we want to show, in a step by step way, how does the dualization from linear 
to chiral multiplets work, following We want to relate the effective action in terms of linear 
multiplets (Vft:,C^), obtained by generalizing a result in [53]. 

C = -K^.^.dC A*de + lKv^VLdVK A*dVL (B.l) 
+KvkV, dCl A *dCl -idClA {ky^^. dC - ky^^. dC) , 
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with the one with chiral multiplets, p.35p . 

+Kkl {dReM^ A *ReM-^ + d^^' A *d^'^) - 2 KklK^^ {dReM^ A *du^ + d^^ A *da^) . 

In (jB.lj) is a function of the scalars Vf^ and the chiral multiplets C*. The function K 

encodes the dynamics of the fields, and we would like to relate it to the Kahler potential from 
(j3.35p . The standard procedure is to eliminate the fields C]^ in favor of its duals by introducing 
an appropriate term to the action 

£^C + 6C, 5C = -2^^ dCl: = -2Ci A , (B.2) 

where ^^{x) is a Lagrange multiplier. By solving the equations of motion for one finds dC^ = 
such that locally = dC^, giving 5£ = as expected. One can use the equations of motion of 

* cl = i?^^^^ {de + 1 {ky^Q dC - kv,c <)) 

to eliminate it from (jB.ip . 

C = -K..,,dC A*dC + kkvKVLdVK A*dVL (B.4) 



f - Im(i^y^^, dC) ) A * ( - Im(i^^^^, dC 



For our particular case, we can further simplify this equation. Comparing (j2.56p with the Chern- 
Simons action ()2.53p . one can notice that the field couples, to first order, with the imaginary part 
of C ) namely a* . We can assume that is a function only of Vl and the real part of , ReC* = ■ 
We will see shortly that this assumption agrees with our results (indications that K depends only 
on ReC* can be inferred from section [3l as in equation (j3.19p ). The effective Lagrangian (iRij) thus 
simplifies to 

C = -iK^^^^dC /\*dC^ + lkvKVLdVK /\*dVL (B.5) 
(de^ - ^ky^^^ dImC) A *(di^ - \ky^^, dlxnC^ 

We would like to relate this = 1 Lagrangian to the standard Lagrangian of chiral multiplets 

C = -K^^ d^ A *d^ (B.6) 

= -K^^^j dC A *dC^ - Kj^iMJ {dReM^ A *ReM'^ + d^^ A *d^-^) 
-2Kjv/i^i (dReM^ A *du^ + d^^ A *da^) . 

and relate the Kahler metrics K^^ with derivatives of the function K, as in equation ()3.35p . This 
is obtained by performing a Legendre transform with respect to the fields , 

K{MX) = k{VX + + {M^ + M^)yK (B.7) 
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where Vk{CiM) is written as a function of the complex fields C ^^'^ implicitly of new field M^, 
defined as 

= -^KvK+i^^- (B.8) 

One can see [M^ + M^) as the conjugate coordinate to Vk- To see that equations (|B.6p and (|B.5p 
are indeed related by this Legendre transformation, one has to calculate the derivatives of K in 
terms of the derivatives of K. One starts by differentiating (jB.Sp . 

Using these expressions one easily calculates the first derivatives of the Kahler potential ()B.7p as 

Kmk = Vk , = h^u^ ■ (B-10) 

Applying the equations ()B.9P once more when differentiating (jB.lOp one finds the Kahler metrics 

K^i^j = \K^i^j + \k^iy K^'^^^ Ky J , (B.ll) 



with inverses 



^M^C^- ^ 2i^"'"' k^^y^ , K^'~^' = 4/^"""' . (B.12) 

Finally, one checks that K(T,N) is indeed the Kahler potential for the Lagrangian (jB.Sp . This is 
done by inserting in the definition of and the Kahler metrics obtained above into (IB.6p . yielding 
back ([R5l) . 

C Mixing of brane and bulk U{1) vectors 

In this Appendix we analyze the 4D effective action for all the massless spacetime vector fields 
that appear after dimensional reduction. They are the A" and Aq, components coming from the 
combination of RR and B2 bulk fields (|2.53p . and A, the massless vector component of the U(l) 
field Adq on the brane, (|2.38p . The duality relation between C3 and C5 implies a electric- magnetic 
duality between A" and A^- To avoid the overcounting of degrees of freedom, we consider both 
fields, but each weighted by a factor of one half, as in [21j. This procedure gives the action 

= - J ^Ref,FA*F + llmf,FAF (C.l) 
+l{lmNa(3 + ReMajlmN"'^ReM5i3)dA'' A *dA'^ 

+ilmAA"^d^^ A *dAi3 - ^ReAfa^lmAf^^dAp A - A^dA'' A F - J^dA^ A F , 
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where F = dA, = (a-' AjQ, + Fq,) and 

ImNcp = - j WaA*W/3 ImAA"^ = (ImAA^^)-i = - j oj'^A*u;'^ ReAfa^ = -b^lCaa^ ■ (C.2) 
Recalling the duality relation (j2.5p for the A fields 

e^d^|g= -*io (e''d^)|4 , (C.3) 

we obtain, for A" and A^, 

d{A^u°) + dA'^b'^Ua Aujf3 = -*dA^ *e oj^ . (C.4) 

We take the wedge product of the above expression with uja and integrate to obtain the duality 
relation 

dAc, = ImNap * dA^ + ReAfapdA^ . (C.5) 
From the variation of action (jC.ip . we obtain the equations of motion for A^ and A", 

i(ImAA^^ + ReMaylmN^^ReMs/s) d*dA^ - ^ReMa^lmJ^^f^ d*dAp- A^dF = , (C.6) 
ilmAA°'5 d*dAa- ^ReAfajlnW^^ d*dA"- J^dF = . 

However, if one takes the exterior derivative of equation (|C.5P and compare with ()C.6p . one notes 
that the equations are not compatible. That is, the equations of motion and the duality constraints 
cannot be simultaneously satisfied. In order to make the duality relation consistent, one should 
modify the field strengths as 

dA'^ ^ = d^" - 2 , dAc, ^ G„ = dA^, + 2A^F , (C.7) 

as well as the duality relation (]C.5P by the same redefinition. This modified action becomes then 

sill - j lilmMa^ + ReAAa^ImAA^'^ReA4^)G" A - ^ReMaflmM^^G^ A *G" (C.8) 

+ilmAA"^Ga A + iRe/r F A*F + ijm/r FAF- A„G" AF- J'^Ga A F . 

The equations coming from this action are 

dG" = -2J''dF , dGa = 2AadF , Ga = ImAA„^ *G^ + ReA/^/j G^ , (C.9) 
l{lmNai3 + ReMajlmN^^ReMsis) d*G^ - ^ReMa^lmJ^^^ d*Gp- A^dF = , 
iJmAA"'' d*Ga- ^ReAfa^lmJ^^P d*G" - J^dF = . 

The first two equations follow directly from (jC.7p . the third is the imposed duality condition, and 
the two remaining are the equations of motion for A°' and A^- One can check that they are now 
consistent, by starting with the equation of motion for one of the fields and obtaining the equation 
for the dual field after imposing the duality conditions. 
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As was mentioned, the duality condition implies that the degrees of freedom for the fields are 
not independent. To eliminate the dependence of Aa in favor of its dual, we now treat the field 
strength Ga as an independent field, and add to the action the term 

6S = A {Ga - 2AaF) + X{dGa - 2AadF) , (C.IO) 

where A is an auxiliary field acting as a Lagrange multiplier. The equations for this modified action 
are the same as ()C.9p . but now they all come from variations on the fields A°', Ga and A. Having 
the equations for Ga, we now substitute them back into the action, and obtain 

Siil = -y iRe/r F A*F + iJm/r F AF (C.ll) 

A {ImMap *G^ + ReAfa^G^ - 2A„F) 
-A^(dA" - 2 J"F) A F - {ImJ^ap * + ReA/^/^G'^) J" A F 

= - j i(ReA + 'HmNa^J^J^) F A *F + i(Im/r + 4A« J" + 4ReAA„/3 j'")F A F 

-2ImNai3J^dA'' A *F - 2{Aa + j'^ReMap)dA'' A F 
+ilm7Va^(iA" A *dA^ + ^ReAfa^dA'' A dAl^ , 

from where we can extract a corrected gauge coupling function /cor for the brane U(l) gauge fields, 

Re/cor = Re/r + ^InWa^J'^J^ , Im/eor = Imfr + 4A„ J" + AReMapJ^J'' , (C.12) 

a gauge coupling function fa for the mixing between brane and bulk gauge bosons, 

Re/„ = -AlmNaf^J^ , Im/, = -4(A„ + J^ReMa^) , (C.13) 

and the gauge coupling function for the vector field A°^ from the bulk (j3.38p . 

/a/3 = -iMafS . (C.14) 

D Symmetries and moment maps 

In this appendix we will have a closer look at the symmetries of the symplectic form (j4.3|) . This is 
crucial for the determination of the first derivatives of the Kahler potential Kq. 

Before entering the detailed study of our set-up, let us quickly recall some general facts about 
moment maps. Denote by G a Lie group preserving the symplectic form (/? on a manifold Vo, and 
by Q the Lie algebra of G. There is a map identifying an element ^ G 3 with a vector field X{S^), 
and by the invariance of (p under G and the fact that dip = one has 

CxioV = d{X{0^^) = . (D.l) 
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The moment map is a function /z : Vq — )• 0*, where g* is the dual to q under some paring (•,•), 
which satisfies 

d{^l,0=x{OJV . (D.2) 



In our example there are two Lie group actions, which will help us to study Kq. As before we 
will be mostly interested in a local analysis around Lq. Therefore it suffices to specify the associated 
Lie algebras gi and 52 

01 = nl{Lo) , 02 = ^ULo) , (D.3) 

where Ql^{Lo) are the exact i-forms on Lq. In order to check that these indeed preserve the 
symplectic form f given in (j4.3p we have to specify the maps from 0j to tangent vectors T(^Lo,Ao)'^o- 
So given an exact two-form ^ in 0i and an exact one-form ^ in 02 one defines a tangent vector t{(^) 
and a normal vector r/(^) by demanding that 

(r(Ojf^i)lLo = ^ , m)^J)\Lo = i ■ (D.4) 

It turns out to be useful to identify also the tangent vectors r(^) with normal vectors to Lq using 
the complex structure I on Y. One first notes that the normal bundle to Lq admits the split 

NLo = (A^Lo)^^™ e (ALo)"" © (A^Lq)'"" • (D.5) 

This split is performed in such a way that, e.g. X G [NLq)^^'^"^ yields a harmonic one- form {XjJ)]^^. 
Similarly, one defines {NLqY^ and {NLqY^^ corresponding to exact and co-exact one-forms. By 
Hodge-decomposition of one- forms each normal vector has a unique decomposition under (jP.Sp . 
Returning to the two Lie algebras, one has 

riii) G {NLor , IriO G (NLor^ , (D.6) 

for ^ € 02 and ^ € 0i. The latter follows from the fact that (/r(^)jJ)|LQ = —2e'^ * {t{^)jQi)\lq = 
using (j2.18|) and (|D.4p . Since ^ is exact one concludes that {lT{^)jJ)\Lg is co-exact, i.e. is 
annihilated by d*. 

Next we need to check the invariance (ID.ip of the symplectic form ip. We do that by first noting 
that on a special Lagrangian Lq the form ip can be written as 

if{X,Y) = [ {YjJ)\lo a (Ajf^i)li, - (XjJ)lio A {YMi)\lo , 

which is deduced by inserting X and Y into J AQi =0. We have to check that d{T{S,)-iip) = 
for all ^ S 01, and similarly for the action of 02. This is straightforward when using (p in the 
form ()D.7p . For r(^)j(/j only the term in the expression ()D.7p containing (r(,^) jJ7i)|2,q is non-zero 
since {t{£,)jJ)\lq vanishes on the Lagrangian cycle Lq. Together with the fact that Lq is compact 
this yields the desired invariance under the action of 0i. Similarly on checks invariance under the 
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action of 02 using the term in ()D.7p containing J)|l(, and the fact that {ri{^)jQi)\Lo = 0. The 

invariance ensures the existence of two moment maps fii and /X2 for the respective Lie algebras. 

In a next step we determine the dual Lie algebras g* and 02 with respect to the pairing {a, (3) = 
J^^ a A (3. This implies that 0* is the space of non-closed i-forms, i.e. 

where r2*j(Lo) are closed i-forms. Finally, one determines the moment maps /Xj of Qi which obey 
(|D.2p by direct calculation 

pti = [Ai] , At2 = [1^2] , (D.9) 

where /ij are the non-closed i-forms which have been introduced in (j2.22p . and the brackets [•] 
mean that these maps are only defined up to closed forms as required in (|D.8p . This is checked by 
evaluating 

d 

d 
d? 



AiA? = / isijJ)\L,A^ = ^iT{0,d,i), (D.IO) 



Lo J Lo 



For the first equalities we have evaluated the derivative in the direction d^i by taking the Lie deriva- 
tive of the expression under the integral with respect to d^i . In evaluating the second equalities we 
used the form ()D.7p of ip and the fact that {d^i -i^i)\Lo = ^idzi -'^2)\lo- A rather compact way to 
rewrite the moment maps is by using the chain C4 introduced in (j2.50p . Since J and vanish on 
Lq one thus has 

(^1,0 =2:(j,o , {fi2,i)=m2,i) , (D.ii) 

where I is the chain integral introduced in (j2.59p . 

We have just found an explicit characterization of the symmetries of Vo around Lq. In the 
following want to make contact to the parameterization used in section [2] for the Kaluza-Klein 
modes of the D6-brane. Let us recall that using a Hodge-decomposition with respect to the induced 
metric the mode expansion for Aj)q reads 

Ab6 = ai + flex dhi + a^ex d*^j ■ (D.12) 

Note that the Hodge-star metric orthogonally splits under this decomposition as in (j2.43p . We also 
want to split the normal vectors si appearing in ()2.36p . As in the decomposition (jP.SP one picks a 
basis of normal vectors Si, sf^, and corresponding one-forms Oj = {s[jJ)\i^ such that 6i = dj, 
ef = dhi and Of = d*-fj. This imphes that the metrics (pliTP and ([T^ are identical in this 
basis. Moreover, from (14.51) we inferred that 



d.id^jKo = l;e-'^ [ 9iA*9j. (D.13) 
Jlo 



2 
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which can be adapted to the Hodge-decomposition of the one-forms Oj under an appropriate spht of 
complex coordinates = (z*, z^c, -^^x)- this leading order analysis we thus find that Imz* = a*, 
ImZgx = and Imz/g,, = a^g^- 

One can proceed and determine the first derivatives of the Kahler potential in the coordinates 
by using the moment map analysis of the previous section. In fact, one infers from (jP.lOp that 

d^iK, = [ A 0f , d.j^^Ko = [ A eT ■ (D.14) 

It is straightforward to evaluate d^i Kg and d,.j Kq at leading order in the deformations using 
()2.24p . They take the simple form 

d^iKo = [ er^A*ei . (D.15) 
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